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Abstract

We give an adelic treatment of the Kuznetsov trace formula as a rel-
ative trace formula on GL(2) over Q. The result is a variant which in-
corporates a Hecke eigenvalue in addition to two Fourier coefficients on
the spectral side. We include a proof of a Weil bound for the general-
ized twisted Kloosterman sums which arise on the geometric side. As
an application, we show that the Hecke eigenvalues of Maass forms at a
fixed prime, when weighted as in the Kuznetsov formula, become equidis-
tributed relative to the Sato-Tate measure in the limit as the level goes
to infinity.
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1 Introduction

1.1 Some history

A Fourier trace formula for GL(2) is an identity between a product of two
Fourier coefficients, averaged over a family of automorphic forms on GL(2),
and a series involving Kloosterman sums and the Bessel J-function. The first
example, arising from Petersson’s computation of the Fourier coefficients of
Poincaré series in 1932 [PI] and his introduction of the inner product in 1939
[P2], has the form

)
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where Fj, (V) is an orthogonal basis for the space of cusp forms S (I'o(N)), and
S(m,n;c) = Z (2mi(matnT)/c
2Z=1 mod ¢
is a Kloosterman sum. Because of the existence of the Weil bound
|S(m,n;c)| < 7(c)(m,n,c)/?c/? (1.1)
where 7 is the divisor function, and the bound
Ji—1(z) < min(xkil,aflﬂ)

for the Bessel function, the Petersson formula is useful for approximating ex-
pressions involving Fourier coefficients of cusp forms. For example, Selberg used
it in 1964 ([Sel3]) to obtain the nontrivial bound

an(f) = O(n{F=1/2H1/4%e) (1.2)

in the direction of the Ramanujan-Petersson conjecture a,,(f) = O(n(k=1)/2+=)
subsequently proven by Deligne.

In his paper, Selberg mentioned the problem of extending his method to
the case of Maass forms. This was begun in the late 1970’s independently
by Bruggeman and Kuznetsov ([Brug], [Ku]). The left-hand side of the above
Petersson formula is now replaced by a sum of the form

3 am (uj)an(u;)  h(t;) (13)
2 TwllP cosh(nty)

where m,n > 0, F is an (orthogonal) basis of Maass cusp forms of weight k = 0
and level NV = 1, t; is the spectral parameter defined by Au; = (i + t?)uj for
the Laplacian A, and h(t) is an even holomorphic function with sufficient decay.



There is a companion term coming from the weight 0 part of the continuous
spectrum, describable in terms of the Eisenstein series

1 y1/2+s L )
EBls,2) =3 Z o ram (Rels)> 5y >0z =a+iy).
(c,d)=1

More accurately, it involves the analytic continuation to s on the imaginary line.
This analytic continuation is provided by the Fourier expansion

B(s,2) =y!/?t" 4y r(lfff))f((ff 25) (1.4)

2y1/2ﬂ.1/2+s Z i
2s(m)[m|* Ky (2m|mly)e ™ ™.
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Here oa5(m) = Zo<d\m d?® is the divisor sum, and K is the K-Bessel function.
The continuous contribution to the Kuznetsov/Bruggeman formula is the fol-
lowing integral of the product of two Fourier coefficients of E(it, z) against the
function h(t):

P - C(1 + 2it) |2
The Fourier trace formula is then the equality between the sum of (L3) and
([LH) on the so-called spectral side, with the geometric side given by

oo . . o)

Om.n / h(t) tanh(rt) e + 2 3 Sm) / (AT A1) ¢

2 J_ T c oo c cosh(t)
(1.6)

Using this together with the Weil bound (@.2), Kuznetsov proved a mean-square

estimate for the Fourier coefficients a,(u;) ([Ku], Theorem 6), which immedi-

ately implies the bound

1 /°° (m/n)”ffzz‘t(m)mh(t)dt. (1.5)

an(u;) < e nt/Ate
in the direction of the (still open) Ramanujan conjecture a,(u;) = O(n®). (See
also [Brug], §4.) This extended Selberg’s result (L) to the case of Maass forms.
Kuznetsov also “inverted” the formula to give a variant in which a gen-
eral test function appears on the geometric side in place of the Bessel integral.
(Motohashi has given an interesting conceptual explanation of this, showing
that the procedure is reversible, [Mo2].) This allows for important applications
to bounding sums of Kloosterman sums. Namely, Kuznetsov proved that the
estimate

S(m,n;
3 Stmnie) o xo+e (1.7)
c<X ¢

holds with # = % ([Ku], Theorem 3). The Weil bound alone yields only 6 =

%, showing that Kuznetsov’s method detects considerable cancellation among

the Kloosterman sums due to the oscillations in their arguments. Linnik had



conjectured in 1962 that (7)) holds with # = 0, and Selberg remarked that this
would imply the Ramanujan-Petersson conjecture for holomorphic cusp forms
of level 1, ([Sel3|; see also §4 of [Mu]). By studying the Dirichlet series

Z(s,m,n) = Z M’

c2s
(&
Selberg also codified a relationship between sums of Kloosterman sums and the
smallest eigenvalue \; of the Laplacian, leading him to conjecture that A\; > %
for congruence subgroups. He obtained the inequality A; > 1% using the Weil
bound ([@.2). This inequality is also a consequence of the generalized Kuznetsov
formula given in 1982 by Deshouillers and Iwaniec ([DI]).

Fourier trace formulas have since become a staple tool in analytic number
theory. We mention here a sampling of notable results in which they have
played a role. Deshouillers and Iwaniec used the Kuznetsov formula to deduce
bounds for very general weighted averages of Kloostermans sums, showing in
particular that Linnik’s conjecture holds on average ([DI], §1.4). They list some
interesting consequences in §1.5 of their paper. For example, there are infinitely
many primes p for which p+ 1 has a prime factor greater than p2!/32. They also
give applications to the Brun-Titchmarsh theorem and to mean-value theorems
for primes in arithmetic progressions (see also [Iwl], §12-13).

Suppose f(x) € Z[z] is a quadratic polynomial with negative discriminant.
If p is prime and v is a root of f in Z/pZ, then the fractional part {%} €10,1)
is independent of the choice of representative for v in Z. Duke, Friedlander,
and Iwaniec proved that for (p,r) ranging over all such pairs, the set of these
fractional parts is uniformly distributed in [0, 1], i.e. for any 0 < a < <1,

#{(p,v)lp < @ f(v) =0mod pa < {7} <}
#{p < x| p prime}

(B—a)

as © — oo ([DFI]). Their proof uses the Kuznetsov formula to bound a certain
related Poincaré series via its spectral expansion. See also Chapter 21 of [IK].
Applications of Fourier trace formulas to the theory of L-functions abound.
Using the results of [DI], Conrey showed in 1989 that more than 40% of the zeros
of the Riemann zeta function are on the critical line ([Con]) Motohashi’s book
[Mol] discusses other applications to ((s), including the asymptotic formula for
its fourth moment. In his thesis, Venkatesh used a Fourier trace formula to carry
out the first case of Langlands’ Beyond Endoscopy program for GL(2) ([L], [V1],
[V2]). This provided a new proof of the result of Labesse and Langlands char-
acterizing as dihedral those forms for which the symmetric square L-function
has a pole, as well as giving an asymptotic bound for the dimension of holomor-
phic cusp forms of weight 1, extending results of Duke. Fourier trace formulas
have also been used by many authors in establishing subconvexity bounds for
GL(1), GL(2) and Rankin-Selberg L-functions; see [MV] and its references, al-
though this definitive paper does not actually use trace formulas. Subconvexity

LConrey, Iwaniec and Soundararajan have recently proven that more than 56% of the zeros
of the family of Dirichlet L-functions lie on the critical line, [CIS].



bounds have important arithmetic applications, notably to Hilbert’s eleventh
problem of determining the integers that are integrally represented by a given
quadratic form over a number field ([IS1], [BH]). Other applications of Fourier
trace formulas include nonvanishing of L-functions at the central point ([Dul],
[IS2], [KMV]) and the density of low-lying zeros of automorphic L-functions
(starting with [ILS]).

1.2 Overview of the contents

Zagier is apparently the first one to observe that Kuznetsov’s formula can be
obtained by integrating each variable of an automorphic kernel function over
the unipotent subgroup. His proof is detailed by Joyner in §1 of [Joy|]. See also
the description by Iwaniec on p. 258 of [Iwl], and the article [LiX] by X.Li,
who also extended the formula to the setting of Maass forms for SL,,(Z), [GId].
Related investigations have been carried out by others, notably in the context
of base change by Jacquet and Ye (cf. [Ja] and its references).

Our primary purpose is to give a detailed account of this method over the
adeles of Q, for Maass cusp forms of arbitrary level N and nebentypus w’. We
obtain a variant of the Kuznetsov trace formula by using the kernel function
attached to a Hecke operator T,. The final formula is given in Theorem [[.14] on
page B0l and it differs from the usual version by the inclusion of eigenvalues of
T, on the spectral side. The cuspidal term thus has the form

Z )‘n(uj) Am, (uj)amz (u]> h(tj) ) (18)
i lusl2 " cosh{rty)

This is a complement to the article [KLI], which dealt with Petersson’s formula
from the same viewpoint. As we pointed out there, the above variant can
alternatively be derived from the classical version (see Section [[ below). It is
also possible to invert the final formula to get a version with the test function
appearing on the geometric side rather than the spectral side, although we will
not pursue this. See Theorem 2 of [BKV] or [A], p. 135.

The incorporation of Hecke eigenvalues in (L) allows us to prove a result
about their distribution (Theorem [[0.2]). To state a special case, assume for
simplicity that the nebentypus is trivial, and that the basis F(NN) is chosen so
that a1(u;) =1 for all j. Then for any prime p { N, we prove that the multiset
of Hecke eigenvalues A, (u;), when weighted by

1 h(t))
w; = —_—
? 7 llu? cosh(nt;)

becomes equidistributed relative to the Sato-Tate measure in the limit as N —
oo. This means that for any continuous function f on R,

lim = —
N—=oo 2w e F(N) Wi T J o

Zuje]:(N) fOp(ug))w; 1 /2 f 22



This can be viewed as evidence for the Ramanujan conjecture, which asserts
that Ap(u;) € [—2,2] for all j. The above result holds independently of both p
and the choice of h from a large family of suitable functions. We discuss some
of the history of this problem and its relation to the Sato-Tate conjecture in
Section [I0l

The material in the first six sections can be used as a basis for any number
of investigations of Maass forms with the GL(2) trace formula. Sections are
chiefly expository. We begin with the goal of explaining the connection between
the Laplace eigenvalue of a Maass form and the principal series representation
of GL2(R) determined by it. We then give a detailed account of the passage
between a Maass form on the upper half-plane and its adelic counterpart, which
is a cuspidal funcion on GL2(A). We also describe the adelic Hecke operators
of weight k = 0 and level N corresponding to the classical ones Ty.

Although similar in spirit with the derivation of Petersson’s formula in
[KL1], the analytic difficulties in the present case are considerably more subtle.
Whereas in the holomorphic case the relevant Hecke operator is of finite rank,
in the weight zero case it is not even Hilbert-Schmidt. The setting for the adelic
trace formula is the Hilbert space

¢:GA)—=C
L} w) =< d(z79) =w(2)¢(9) (z € Z(A),y € G(Q)),
Jznc@nca 917 < oo,

where G = GLs, Z is the center, and w is a finite order Hecke character.
Relative to the right regular representation R of G(A) on L?(w), there is a
spectral decomposition L?(w) = L3, (w) & L2, (w). The classical cusp forms
correspond to certain elements in the discrete part, while the continuous part
is essentially a direct integral of certain principal series representations H (it) of
G(A). We begin Section [l by describing this in detail, following Gelbart and
Jacquet [GJ]. For a function f € L'(@) attached to a classical Hecke operator,
we then investigate the kernel

Ky = >  fla ) (1.9)
1EZ(Q\G(Q)

of the operator R(f). We assume that f., is bi-invariant under SO(2), com-
pactly supported in G(R)™, and sufficiently differentiable. Then letting ¢ range
through an orthonormal basis for the subspace of vectors in H(0) of weight 0
and level N, the main result of the section is a proof that the spectral expansion

K(z,y) = 60.1,1%/7 f(g)dg + Z R(f)e@)ely)

G(A) PEF(N) llell?

D B TS
6 7

is absolutely convergent and valid for all x,y. These are, respectively, the resid-
ual, cuspidal, and continuous components of the kernel.



In Section B we discuss the Eisenstein series. We give an explicit description
of the finite set of Eisenstein series E(¢s, g) that contribute to the above expres-
sion for K(z,y). Their Fourier coefficients involve generalized divisor sums and
Dirichlet L-values on the right edge of the critical strip, directly generalizing
(L4). We derive bounds for these Fourier coefficients, which are useful for both
the convergence and applications of the Kuznetsov formula. For this purpose we
require lower bounds for Dirichlet L-functions on the right edge of the critical
strip, reviewed in Section 2. (We note that more generally, in establishing abso-
lute convergence of the spectral side of Jacquet’s GL(n) relative trace formula,
Lapid makes use of lower bounds for Rankin-Selberg L-functions on the right
edge of the critical strip due to Brumley, [Lap], [Bruml].)

In Section [ we integrate each variable of K (x,y) against a character over the
unipotent group N(Q)\N(A). Using the geometric form (I9) of the kernel, we
obtain the geometric side of the Kuznetsov formula as a sum of orbital integrals
whose finite parts evaluate to generalized twisted Kloosterman sums, defined by

Swr(me,mi;n;c) = Z (,u/(d)(327ri(dm?+d,ml)/C (for Nlc),

dd’=n mod ¢

where w’ is the Dirichlet character of modulus N attached to w. These sums also
arise in the generalized Petersson formula of [KLI|]. After an extra averaging at
the archimedean place, we obtain the J-Bessel integrals as in (L6]). Using the
spectral form of the kernel we obtain the spectral side of the Kuznetsov formula,
giving the main result, Theorem [[.T4l The function h(t) of (L8]) is the Selberg
transform of the archimedean test function f..

The hypothesis that f., be smooth and compactly supported amounts to
requiring that h(iz) be an even Paley-Wiener function. This is very restrictive,
ruling out well-behaved functions like the Gaussian h(t) = e=*". In Section[8, we
carefully study the various transforms involved under more relaxed hypotheses,
and show that the Kuznetsov formula remains valid. We start with a function f
on G(A) which is C™ for m sufficiently large, and has polynomial decay rather
than compact support. We then express f as a limit of compactly supported
C™ functions (for which we have already established the Kuznetsov formula),
and then show that the Kuznetsov formula is preserved in the limit. A key step
is proving that R(f) is a Hilbert-Schmidt operator on the cuspidal subspace (cf.

Corollary B33]).

In Section [@ we prove the Weil bound
|Sy (a,b;n;¢)| < 7(n)7(c)(an, bn, 0)1/201/2@/2, (1.10)

where ¢, is the conductor of x, and 7 is the divisor function. Various identities
relate the generalized sum to classical twisted Kloosterman sums S, (a, b;c) =
Sy (a,b;1;¢). Therefore we reduce to proving a Weil bound for the latter sums.
The latter is well-known, but seems to be a gap in the literature. Furthermore,
it is sometimes erroneously asserted that |S, (a,b;c)| < 7(c)(a,b,c)'/?c!/2. We
give a counterexample on p.[I25l For these reasons, we have included all of the
details of the proof of (ILI0).



For simplicity, in this paper we only treat forms of weight k = 0 over Q, and
we deal only with positive integer Fourier coefficients for the cusp at infinity.
There are many expositions of the Kuznetsov formula in the classical language
which extend beyond this scope and give other applications. See especially [DI],
[CPS], [Mo3] and [BM]. The latter incorporates general weights and cusps over
a totally real field. We also recommend the text of Baker [B].
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2 Preliminaries

2.1 Notation and Haar measure

Notation and normalization of measures is the same as in [KL2|, where full
details are given. Let G = GLg, let M = {(§ )} C G be the diagonal subgroup,
and let N = {(}%)} € G be the upper triangular unipotent subgroup. The
Borel subgroup of upper triangular matrices is denoted B = M N = NM. We
write G for G/Z, where Z is the center of G, and generally for a subset S C G,
S denotes the image of S in G. Let

Koo = {ko 1= (529, 50) |0 € R} (2.1)

—sin @ cos @

denote the compact subgroup SO(2) of G(R).

Let Z* denote the set of positive integers and let R* denote the group of
positive reals. If p is prime, we let Q, and Z, denote the p-adic numbers and
p-adic integers, respectively. For any rational integer = > 0, we often use the
notation

xp = ordy(z),
so that x = prf”l’, N = prNP, etc.

Let A, Ag, be the adeles and finite adeles of Q. Then 7= Hp Z, is an open
compact subgroup of Ag,. For an element d € Q* , we let

dy € A* (2'2)

be the idele which agrees with d at places p|N and is 1 at all other places.
Let K, = G(Z,) and Kg, = G(Z) denote the standard maximal compact
subgroups of G(Q,) and G(Agy,) respectively. By the Iwasawa decomposition,

where

K = Ko X Kgp.

For an integer N > 1, define the following nested congruence subgroups of Kgy:
Ko(N)={(?%) € Kgn|c =0 mod NZ},

Ki(N)={(2%) € Ko(N)|d =1 mod NZ},
K(N) = {k € Kgn| k= (}9) mod NZ}.

Each of these is open and compact in G(Ag,). By the strong approximation

theorem, we have
G(A) = G(Q)(G(R)T x K1(N)), (2.3)

where as usual G(Q) is embedded diagonally in G(A), and G(R)* is the sub-
group of GL2(R) consisting of matrices with positive determinant. We will also

10



use the local subgroups Ko(N), = {(2Y) € Ky|c € NZ,}, and similarly for
Ki(N),.

We take To(N), T'1(N) and T'(IV) to be the intersections of the above con-
gruence subgroups with SLy(Z) as usual. We set

(N = [Kan - Ko(N)] = [SLa(Z) : To(N)] = N [ (1+ }9» (2.4)
pIN

p prime

and locally (N) =[], ¢,(NN), where

Up(N) = [Kp - Ko(N)p] = p™ 7 (p +1).

Haar measure will be normalized as follows. See §7 of [KL2] for more detail.
On R we take Lebesgue measure dx, and on R* we take \%yl' On Q,, we normalize
by meas(Z,) = 1, and on Q; we take meas(Z;) = 1. These choices determine
measures on A and A* = Z(A), with meas(Q\A) = 1. We normalize dk on
K by meas(Ky) = 1, and use the above measures on R and R* to define
measures on N(R) 2 R and M(R) = R* x R*. These choices determine a
measure on G(R) by the Iwasawa decomposition: writing g = mnk, we take
dg = dmdn dk. We normalize Haar measure on G(Q),) so that meas(K,) = 1,
and on G(Asy) by taking meas(Kg,) = 1. We then adopt the product measure
on G(A) = G(R) X G(Agy). Having fixed measures on G(A) and Z(A) = A* as
above, we give G(A) = G(A)/Z(A) the associated quotient measure. It has the
property that meas(G(Q)\G(A)) = 7/3. In the quotient measure on G(Q,),
we have meas(K,) = 1. We also take meas(K,) = 1, which is not the quotient
measure on K, /{£1}.

For any real number x, we denote

e(x) = ¥,

We let 6 : A — C* denote the standard character of A. It is defined by
e(—x) = e~ 2mix if p=oo
0 = ) 2.5
»(@) {e(rp(a:) = 2™ () if 9 < o0, (25)

where rp,(x) € Q is the p-principal part of z, a number with p-power denominator
characterized (up to Z) by = € rp(z) + Z,. Then 6 is trivial on Q, and 0, =

Hp <oo Op s trivial precisely on Z. For m € Q, we define the character 6,,, by

Om(z) = 0(—mzx) = 0(mx).

It is well-known that every character of Q\A arises in this way, i.e. Q = (5\7&
by the the map m — 0,,.

If V is a space of functions on a group G, then unless otherwise specified, we
denote the right regular action of G on V' by R. Thus for ¢ € V and g,z € G,

R(g)¢(z) = ¢(xg).

11



2.2 Characters and Dirichlet L-functions
For a positive integer N, a Dirichlet character modulo NV is a homomorphism
X:(Z/NZ)* — C*, (2.6)

extended to a function on Z by taking x(n) = 0 if ged(n, N) > 1. The simplest
example is when (Z0)) is the trivial homomorphism. In this case we say that ¥
is the principal character modulo N.

If d|N and x’ is a Dirichlet character modulo d, then it defines a Dirichlet
character Y modulo N by the composition

Y:(Z/NZ)* —s (Z/dZ)* — C*, (2.7)

where the last arrow is x’. We say that Y is the character of modulus N induced
from x’. Conversely, if X is a Dirichlet character modulo N that factors through
the projection to (Z/dZ)* for some positive d|N as above, then we say d is an
induced modulus for Y. The conductor of X is the smallest induced modulus
¢y for X. Equivalently, ¢y is the smallest positive divisor of N for which Xx(a) =1
whenever ged(a, N) =1 and a = 1 mod ¢g. If ¢y = N, then X is primitive.

Write A* = Q*(R* x Z*). A Hecke character is a continuous homomor-
phism y : A* — C*, trivial on Q*. The restriction of x to R¥ is of the form
x +— x° for a unique complex number s. Therefore the Hecke character

xo(a) = x(a)la]™*
is trivial on Q*R™, so it has finite order (cf. Lemma 12.1 of [KL2|; beware that
in the bijection discussed after that lemma, Dirichlet characters should read
primitive Dirichlet characters). Thus an arbitrary Hecke character is uniquely
of the form xo ® | - |*, where xo has finite order. The local components X, :
Q; — C* (p < o0) are given by

th

»
xpla) =x(1,...,1, a,1,1,...),

so that y = Hp Xp-
For a finite order Hecke character y, we let

o €ZT
denote the conductor of x. This is the smallest positive integer which has the
property that x(a) =1 for all a € (1 + ¢,Z) N Z*. For any N € ¢, Z" we can
attach to x a Dirichlet character x’ = x/y of modulus N and conductor c¢,, via
X:Q (R* xZ*) — Z* — (Z/NZ)* — C*, (2.8)

where the last arrow defines x’. The case N = ¢, defines a bijection between
the set of finite order Hecke characters of conductor N and the set of primitive
Dirichlet characters modulo N. For any integer d prime to N, we have

X'(d) =[] x(d =x(dy)  (d,N)=1, (2.9)

pIN
with dy as in (22).

12



Lemma 2.1 (Dirichlet vs. Hecke L-functions). In the above situation,

L(s,X") = Ln(s,x), (2.10)
where the partial L-function on the right is defined by the Euler product
Ly(s,x) = [0 = xp(pp~*) " (2.11)
pIN

Remark: If N = ¢, i.e. x’ is primitive, then Ly(s, x) = L(s, x) by definition.

Proof. 1t is easy to show that 1 = x(p) = x,(p)x'(p) for any p { N ([KL2],
(12.7)). Therefore

L(s,X') = Y _ X'~ = [[(1 =X )p™*) " = La(s,0)- D

n>0 pIN

We will need lower bounds for Dirichlet L-functions on the right edge of
the critical strip, since such L-values arise in the denominators of the Fourier
coefficients of Eisenstein series.

Theorem 2.2. Let x be a non-principal Dirichlet character modulo N. Write
s = o +it. There exists a constant ¢ > 0 for which the following statements
hold.

c
<o<2

1. If x is non-real, then for 1 — (log(N([[t]] +2)))° =

7
L(s,x) ' < (log(N(UtH + 2)))

for an absolute implied constant.

c

(log(N (LI#]] +2)))°

2. If x is real, then in the region 1 — <o <2t >1,

7
L(s,) 7" < (log(N(LItl] +2)))
for an absolute implied constant.

3. If x is real and € > 0 is given such that N > log N, then in the region
-5 <0 <2 ﬁ§|t|§1, we have

L(s,x) "' < N
for an absolute implied constant.

4. If x is real and € > 0 is given, then when N is sufficiently large (depending
one), for|s—1] < ﬁ we have
L(s,x) " < N°/*

for an ineffective implied constant depending on €.

13



Proof. See equations (3), (4) and (5) on page 218 of Ramachandra’s book [Ra].
The fourth case requires Siegel’s Theorem, which is why the constant in that
case is not effective. O

Corollary 2.3. Fiz e > 0. For all Dirichlet characters x of modulus N,
L(1+it,x) "' < N*(log(|t| + 3))” (2.12)
for an ineffective implied constant depending only on €.

Proof. Note that since log3 > 1,

log N
log(N(||t]| +2)) <log N + 1 t|+3) =1 t+3) | ———— +1
ox(N(Ie] +2)) < log N -+ log([] +3) = log([f +3) (&5 +1)

< log(|t| + 3)(log N + 1) <. log(|t| 4+ 3)N=/7.

Therefore by parts 1 and 2 of the theorem, (ZI2]) holds if x is non-real, or if x
is a non-principal real character and |¢| > 1.
Suppose x is real and non-principal, and let ¢’ = ¢/7. We need to establish

[Z12) for |t| < 1. Because 10# < Ngl,/w we see that either [ <[t <1 or
[t] < ﬁ must hold. Therefore as long as N is sufficiently large (N > C(e)),

L(1+it,x) " < N <« N°(log(3 + |t]))7,

as needed. We still have to treat the case N < C(e), |t| < 1. We know that
L(1+it,x)~! is continuous in ¢, and hence bounded on |t| < 1. There are only
finitely many characters y with modulus < C(e), so their L-functions can be
bounded uniformly on [¢| < 1. Thus L(1+it,x) < 1 on |t <1 when N < C(e).

Lastly, suppose x is the principal character modulo N. Recall the well-known
estimate ((1 +it)! < (log(3 + [¢]))” ([In], Theorem 10, p.28). Then

L(1+it,x) ' =¢+it) " JJ(—p~ )~ (2.13)
p|N

< (log(3+[t)" [T(1 = =)7" < (og(3+ )" ] 2
PIN y PIN

<. (log(3 + [t]))"N=. O
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3 Bi-K-invariant functions on GL;(R)

Our objective is to study the cusp forms of weight 0, realized as certain right
Koo-invariant L2-functions on G(R) x G(Ag,). In order to isolate the K-
invariant subspace of L?, we will use an operator R(fs X fin), Where fo, is a
bi- K wo-invariant function on G(R). In this section we review the properties of
such functions which will be useful in what follows.

3.1 Several guises

Let m be a fixed nonnegative integer or co. Define C™(G"//K) to be the space
of m-times continuously differentiable functions f on

G(R)" = {g € G(R)| det(g) > 0},
whose support is compact modulo Z(R), and which satisfy

f(zkgk’) = f(g) (3.1)

forallz € Z(R) and k, k' € K. In later sections, we will view these as functions
on G(R) by setting f(g) = 0 if det(g) < 0. When m = 0, we sometimes denote
the space by C.(G1//K).

In terms of the Cartan decomposition

GR)" = Z(R)Kx { (y1/2 - /2> } Koo, (3.2)

an element f € C™(G*//K) depends only on the parameter y. As a function
of y, it is invariant under y — y~*, since f((_; ')g(; ~')) = f(g). Thus we
have the following isomorphism

CIMGT//K) — CMRT)Y,

where C7*(R™)% is the space of smooth compactly supported functions on R
(the set of positive real numbers) that are invariant under y +— y~!. The value
of such a function depends only on the unordered pair {y,y~'}. The set of
such pairs is in 1-1 correspondence with the real interval [0, 00) via {y,y~1} <
y+y -2
Proposition 3.1. Suppose m > 0 and 0 < 3m’ < m + 1. Then for y € RT,
the substitution

u=y+y -2 (3.3)
defines a C-linear injection C™(R*)" — C7'([0,00)) whose image contains
C™([0,00)). In particular, this map is an isomorphism in the two cases m =
m' =0 and m =m’' = oco.
Proof. We first consider the case of smooth functions. Let a(y) € C°(RT)Y,
and let A(u) = a(y) be the associated function of u € [0,00). It is easy to see
that A is C* on (0, 00), however the smoothness at the endpoint u = 0 is not
obvious because Z—Z =(1- ;—2)*1 blows up at y = 1. It is helpful to write y = €%,
and define h(z) = a(e®) = A(u). Then:
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e h(—x) = h(z) is even
e he C*(R)
eu=e"+e -2 502 =e—e " =2sinh(z).

For u > 0, write
A () = Pnl®)
(u) 27 (sinh )2n—1
When n = 1 this holds with p;(z) = h'(z), and by differentiating, we find in
general that

Pn+1(z) = sinh(z)p),(x) — (2n — 1) cosh(x)py, (). (3.4)

We claim that p,41(z) vanishes at least to order 2n + 1 at 0. We prove the
claim by induction, the base case being p;(0) = h’/(0) = 0, A’ being odd since h
is even. It is clear that p,y1(x) vanishes to at least order 2n — 1 at 0, since this
is true of both terms on the right-hand side of (84 by the inductive hypothesis.
It remains to show that
2n—1 2n
P (0) = p(0) = 0.
By differentiating ([3.4]), we see that for 0 < j < 2n —1,

Pl (@) = sinh(@)p ) (2) — (20 — 1 — j) cosh(@)pl) () + L; (),
where Lo(z) = 0 and L;(z), j > 0, is a linear combination of derivatives of p,,
of order < j. In particular, L;(0) = 0 for all j < 2n — 1. Taking j =2n—1
gives

P20 (0) = sinh(0)p™ (0) + Lan—1(0) = 0.

Furthermore, it follows inductively from (34 that p,1(z) is an odd function,

so that the even order derivative pfﬂ (0) vanishes. This proves the claim.
Now we can prove by induction that A (u) is defined and continuous at

w = 0. This is clear when n = 0. Assuming it holds for some given n > 0, we

note that by L’Hospital’s rule,

A (u) — A™(0) Prta ()
(n+1) — _n (n+1) _ 1 n+1
A © ullg)lJr u ulig){r A () ilg%l 27+ (sinh )27+’

provided the limit exists. The denominator vanishes exactly to order 2n + 1
at 0, and we just showed that p,11(z) vanishes at least to order 2n + 1 at 0.
Therefore we may apply L’Hospital’s rule 2n + 1 times, at which point we get a
nonvanishing denominator at 0, giving a finite limit as needed.

Now suppose a(y) (hence h(z)) is only assumed to be m-times continuously
differentiable. In order for the above argument to run with m’ = n + 1, we
need p,1(z) (hence A1) (z)) to be (2n + 1)-times continuously differentiable,
ie. m >3n+2=3m —1. It is clear that the resulting map C™(R*)¥ —
C™ ([0, 00)) is injective. On the other hand, given A € C7([0,00)) and defining
a(y) = A(y +y=1 —2) = A(u), it follows from the fact that Z—Z =(1—-y?)is
smooth on R* that a € C""(R")", so A is in the image of the map. O
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We define, for f € C"(G"//K),

Viw)=V(y+y '-2)= f((yl/2 y_1/2>). (3.5)

By the preceding discussion, we have the following.

Proposition 3.2. Suppose 0 < 3m’ < m + 1. Then the assignment f +— V de-
fines an injection C™(G*//K) — C™ ([0, 00)) whose image contains C ([0, c0)).
In particular, it is an isomorphism if m=m’ =0 or m = m’ = co.

1

For g = (g Z) € G(R)™, we can recover the parameter y + y~1 as follows.

Writing g = (v/det g)kg/(yl/2 yo1/ )ko, we see that ‘g g = (det g)k, ' (¥ s ) ko,
where tg denotes the transpose. Therefore

., tr(tgg)  a®+b2+ 2+ d?

= = . 3-6
vty det g ad — be (36)

Thus we can recover f from V via:

f((a b>):V(a2+b2+02+d2_2). 3.7)

c d ad — be

We can also identify f with a function of two variables on the complex upper
half-plane H. Recall the correspondence

GR)"/Z(R)K,, +— H

induced by (2%) — (25)(i) = g:_tg By this, the following function is well-
defined:

k(z1,22) = f(g1'92) (21,22 € H), (3.8)
where g;(i) = z; for j = 1,2. Clearly
k(yz1,7v22) = k(21, 22)
for all v € G(R)™, and in particular for any real scalar ¢ > 0,
k(cz,cza) = k(z1, z2). (3.9)
Proposition 3.3. With notation as above, for g1,92 € G(R)™ we have

|21 — zo|”
Y1Y2

kera) =V ( ) = flar' )

Proof. Writing g7 'g. = (% "”11)71(?’02 )= (5? %), by ([B.6) we have

a?+b2+c%4d?
U= —-—2
ad—be Y1 Y1Yy2 Y2 Y1Y2 Y1Y2

_ e (2 —11)? LU 2y (@ —21)° + (y2 —1)°

O
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3.2 The Harish-Chandra transform
Given f € C™(G"//K), its Harish-Chandra transform is the function of y € R™*

defined by
i = [ D) (e

The absolute convergence follows easily from the compactness of the support of
f- It is clear that H f is also compactly supported.

If we identify f with V, and let u = y +y~! — 2 as before, the transform is
traditionally denoted

Q(u)z/RV(u—&—ﬁ)dx,

following Selberg. To see the equivalence, by [B.6]) we have

i =2 [ (Y " o= [ (M )

= / V(y+y ' +a?—2)de = / V(u+ 2?)dz. (3.10)
R R
From this, we see that H f belongs to the space C(R™)%.

Proposition 3.4. Suppose m,m’ > 0 with 3m’ < m + 1. Then the Harish-
Chandra transform defines a commutative diagram

oty L2 omgeye

l |

o (10, 00)) — L (0, 00)),

where all arrows are injective. The image of the bottom map V +— @Q contains
C™([0,00)). When m = m' = oo, all arrows are isomorphisms. Generally, if
m’ >0 then foru=y+y ' —2 and

HE(y) = Qu) = /R V(u+ a?)ds,

the inverse transform is given by
1
Vi(u) = —7/ Q' (u + w?)dw. (3.11)
TJR

Remarks: For the smooth case, see also [Lang], §V.3, Theorem 3, p. 71. For
more detail about the inverse transformation, see Propositions and 817
below. For example, we will show that the image of the bottom map contains
C’Z”l“([O,oo)). In fact, given @ in this space, if we define V' by (BII)), then
Ve C™([0,00)) and Q(u) = Jr V(u+ 2?)de.
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Proof. The commutativity of the diagram follows from (BI0). The vertical maps
are injective by Propositions[3.1]and above. As described there, the image of
the right-hand vertical map Hf — @ contains C2*([0, 00)), so by commutativity
of the diagram, the same holds for the image of the bottom map V +— Q. It
follows that when m’ = oo, all arrows are surjective. The injectivity of the
horizontal arrows is a consequence of the inversion formula BIT), so it just
remains to prove the latter. We can differentiate Q(u) under the integral sign
because V € C ([0, 00)) for m’ > 1 (cf. Proposition B3). Thus

! u):/RV’(u+:c2)dx
_,/ Q' (u + w?) :——/ / V' (u+ w? + 2%)drdw

/%/ "(u+ 1 rdrd@:—Q/ V' (u +t)cg V(u). O

0

Hence

3.3 The Mellin transform
For ® € C"(R), its Mellin transform is the function of C defined by

(M)(s) = / N B2 (3.12)

This is a Fourier transform on the multiplicative group R*. We also denote the
above by M ®. It is easily shown to be an entire function of s. When m > 2,
we have )
P(y) = =— (M®)(s)y *ds (3.13)
2mi Re(s)=0o
for any ¢ € R. This is the Mellin inversion formula, which we will prove under
somewhat more general hypotheses in Propositions [B10 and BTl
We say that an entire function n : C — C is Paley-Wiener of order m

if there exists a real number C' > 1 depending only on n such that

Clel

o+it)| K my -
|77( )‘ 51 (1+ |t|)m

(3.14)

We let PW™(C) denote the space of such functions. If the above holds for
all m > 0 with the same C, then 1 belongs to the Paley-Wiener space
PW®(C) = PW(C).

Proposition 3.5. Suppose m > 0. Then the Mellin transform defines an in-
jection
M:C"(RT) — PW™(C)

whose image contains PW™2(C). On PW™*2(C), the inverse map is given
by BI3). In particular, if m = oo the transform is an isomorphism.
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Proof. (See also [Lang], §V.3, Theorem 4, p. 76.) First we show that the image
of the Mellin transform lies in PW™(C). When m = 0 this is obvious. Given
® € C(R™) for m > 0, we may apply integration by parts to (3.12) to get

<1 d
- */ ® (y)y
0 s Jo Y

S

S

Since ® is compactly supported in R™, the first term on the right vanishes.
Continuing, we find

_ (_1)m > m s mdy
M(I)(S)_s(s+1)--~(s+m—1)/0 2 (y)y™t Y

Using this, it is straightforward to see that M® satisfies (8.I4]). The injectivity
of the map is immediate from the inversion formula BI3]).

For n € PW?*(C), we can define ®(y) = - [ . n(s)y~*ds as in BI3J),
the convergence being absolute for any o by ([B14]) with m = 2. To see that ®
is compactly supported, consider

1 - < Oy~ ~1
¢ = —_— s e B, 0'.
(y) 5 /Reszan(S)y ds < /_OO (1+Itl)2dt < (Clyl™)

If |y| > |C|, then the right-hand side approaches 0 as o — oo, so ®(y) = 0.
Thus Supp ¢ C [-C, C].

Lastly, if n € PW™2(C) and ® is defined as above, then n = M® (cf.
Proposition BIT]), and it is not hard to show that ® € C™(R™). The idea
is that after differentiating under the integral sign m times, we still have an
integrand with sufficient (quadratic) decay in ¢ = Ims for convergence. See
Proposition [R.I3] below for details. O

3.4 The Selberg transform

If we restrict the Mellin transform to the space C7*(R™)" defined on p. [IH it
gives an injection to the space PW™(C)V® of even functions that are Paley-
Wiener of order m. The composition of the Harish-Chandra and Mellin trans-
forms is called the spherical transform, which we denote by

(Sf)(s) = Ms(H ).
Because M and ‘H are injective, we immediately see the following.

Proposition 3.6. For m > 0, the spherical transform

f=S8f

S:C™(GT//K) PW™(C)even

is injective, and its image contains PW™T2(C)ev", In particular, when m = oo
it is an isomorphism.
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The Selberg transform of f € C"(G"//K) is a variant of the above,
defined by

h(t) = (SP)(it) = MuH. (3.15)
It is given explicitly by

oo oo 1/2 1., ded 1
mo = [ [ Gn e L S =[] kst @)

where dz = & js the G(R)T-invariant measure on H. Note that s — h(—is)

is Paley-Wiener of order m.

Proposition 3.7. Suppose m > 2 and h(—is) = (Sf)(s) € PW™(C)*¥°". Then
the inverse of the Selberg transform is given by

1 o

V(u) = y

P7%+it(l + §)h(t) tanh(rt) t dt,

for the Legendre function Ps(z) = P2(z). In particular, we have

_ i [ O:O h(t) tanh(nt) ¢ dt. (3.17)

Proof. (See also (2.24) of [Za] or (1.64") of [Iw2].) Beginning with the fact that
M(Hf) = h(—is), we apply Mellin inversion B.I3) to get, for y > 0,

W = s [ wcisw s = o [ ar= - [ s

since h is even. Write y = e’ and u =y +y ! —2 =€ + eV — 2, and define
9(v) = Q(u) = (Hf)(y)-

Then g(v) =5 / h(r)e'™dr, and differentiating (cf. Proposition B3],
™
"(v) = L/ rh(r)e™dr = —i/ sin(rv)r h(r)dr

since h is even. We have used the fact that m > 2, so in particular the above is
absolutely convergent. Now we invert the Harish-Chandra transform via (31T

to get
:_,/Q w + 2 dx——f/ Q' (w + z?)

1 1 g (v)dv

T Jeosh-1(14+2) Ver +e ¥ =2 —w

™ \/ﬁ
sin(rv)
dvrh(r)dr.
271'2/ KOSh (142 \/€U+6_“—2_w vrh(r)dr
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The interchange of the integrals is justified by the absolute convergence of the
integral, which follows easily by the fact that m > 2. As observed by Zagier (|Za]
(2.24)), using the identities 8.715.2 and 8.736.7 of [GR], it is straightforward to
show that the above is

1

47TR

(1 %) tanh(7r)r h(r)dr. O

It is sometimes desirable to extend all of these transforms to functions with
sufficient decay rather than just the case of compact support. We will discuss
this in detail in Section B but we mention here that the following conditions
are equivalent:

o V(u) = O(u_#) as u — 0o
e Q(u) = O(u*?) as u — oo
e h(t) is holomorphic in the horizontal strip |Im(¢)| < A/2.

See [Za], p. 320.

3.5 The principal series of G(R)

Here we recall the construction of the principal series of G(R) and prove some
well-known simple properties. Detailed background is given, e.g., in §11 of
[KT.2]. For e1,e2 € {0,1} and s1, s2 € C, define a character x = x(e1, 2, 51, 52)
of B(R) by

x( (8 Z)) = sgn(a)®|a|** sgn(d)*?|d|*2.

Every character of B(R) has this form. We let m, = m(e1, €9, 51, 52) denote the
representation of G(R) unitarily induced from x. The underlying representation
space V, consists of measurable functions on G(R) satisfying

(5 o=x(5 a5 e,

with inner product given by

(61, 62) = /K 61 (K)Ba (R dk.

The action of G(R) is given by right translation

T (9)9(z) = ¢(xg).

The representation 7, is unitary when x is unitary, i.e. when s;, s, € i{R. See
§11.3 of [KL2] for details.

22



We say that a vector has weight k if it transforms by the scalar €™ under
the action of kg € K. A natural basis for V, is {¢x|k € €1 + €2 + 2Z}, where
¢y is characterized by

¢k(k9) — 6ik0.

This function spans the one-dimensional space of weight k vectors in V..
We define the spectral parameter of m, by
i

t= —5(81 — 82). (318)
The representation my, is reducible if and only if ¢ # 0 and 2it + &1 + €2 is an
odd integer. Furthermore, the Casimir element A in the center of the universal
enveloping algebra U(gc), whose right regular action on C*°(G(R)™") is given
in the coordinates z(§ ) (91/2 2 )ko by

o 0% 0%
Np=—y" (55 +55 1
R(A)p =~y <8m2+8y2>+yax8¢9’ (3.19)
acts on the K.-finite vectors of Vj, by the scalar
1 2
Ty (A) = — +¢°. (3.20)

4

(See e.g. [KL2], pp. 169, 185.)
The only irreducible finite dimensional unitary representations of G(R) are
the unitary characters. For the infinite dimensional ones, we have the following.

Proposition 3.8. Let m be an irreducible infinite dimensional unitary represen-
tation of G(R). Then 7 contains a nonzero vector of weight 0 (resp. weight 1) if
and only if m = w(e1, €9, 51, 82) is an irreducible principal series representation
with 1 + €3 even (resp. odd), and either:

- 81, 82 € iR (unitary principal series) or

~teiR, 0<|t| < 1, and s1 + sz € iR (complementary series),
fort as in BI8)). The vector is unique up to scalar multiples.

Proof. Any irreducible unitary representation 7 is infinitesimally equivalent
with a subrepresentation of a principal series representation of G(R). A proper
subrepresentation containing a vector of weight 0 or 1 is necessarily finite dimen-
sional (see e.g. [KL2], p. 164). Therefore m = w(eq, £a, $1, S2) is itself a principal
series representation. Since 7 is unitary, one of the two given scenarios must

hold. O

Generally, if ¢ is any continuous function on G(R), we extend the right
regular action of G(R) to an action of f € C™(G*//K) by defining

G(R) G(R)

R()é(g') = / (@) R(@)é(g")dg = / F(9)8(g'9)dg.
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If ¢ is right Z(R)K w-invariant, it can be viewed as a function on H, and after
replacing g by ¢’~!g in the above, we find

dx dy
Y2

R (321)
where k(z’, z) is the function attached to f in (B.8].

As shown by Selberg [Sel2], if ¢(z) is an eigenfunction of the Laplacian with
eigenvalue + + t?, then in the sense of B2ZI), R(f)¢ = h(t)¢ for the Selberg
transform h of f (see also Theorem 1.16 of [Iw2]). We prove this here in the
special case of interest to us. We use the setting of weight k functions as an
example of how the results of this section immediately generalize from k = 0.

Proposition 3.9. Let m1 = m, be as above. Let fo be a continuous function
whose support lies in G(R)Y and is compact modulo Z(R.), satisfying

Foo(zhy, gho,) = x(2) e =T (g) (2 € Z(R), ko, € Koo)-

Then the operator 7(fs) preserves the one-dimensional subspace Vi of weight
k vectors in V,,, and vanishes on its orthogonal complement. If this subspace is
nonzero (i.e. k = €1 + €2 mod 2), then

T(foo) o = h(t)dx, (3.22)

where t is the spectral parameter BI8)) of m, and h is the Selberg transform of
foo, defined in (BI0).

Proof. We will prove the first claim in a more general context in Lemma B0l
below, so we grant it for now. Hence if ¢ = ¢x € V,, ¢ is an eigenvector of
7(foo) since dim Vi = 1. The eigenvalue A is given by

A= rlfe)o(t) = [

G(R)

foo (9)8(g)dg = / fo(9)6(g)dg,

SL2(R)

by our normalization of Haar measure (cf. (7.27) on page 95 of [KL2]). Here we
have used the fact that f,, is supported on G(R)*. Now since f,, and ¢ have
opposite weights on the right, the integrand is right K o-invariant. Therefore
we have

= [ G e )

dx dy
Y2

= A / foo(((%:f)(yl/z y_1/2))y(51732)/2y1/2y72dxdy
(o)

[ —1/2 12\ (¥"? " it@: . —
—/0 |:y /—OOfOO((Ol)( y—l/z))d Y y MitH(foo) = h(t),

as required. O
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Lemma 3.10. Let G be a locally compact group, let K C G be a closed sub-
group, and let m be a unitary representation of G on a Hilbert space V with
central character x. Then for any bi-K -invariant function f € LY(G,x™ 1) (i.e.
integrable mod center, with central character x=1), the operator w(f) on 'V given

by
v—/f g)vdg

has its image in the K-fized subspace VE, and annihilates the orthogonal com-
plement of this subspace.

Remark: If the bi- K-invariance of f is replaced by the property

(k™ gk') = (k)T (K') "' f(9)

for a character 7 of K, then the above holds with V; = {v € V| n(k)v = 7(k)v}
in place of V¥ as is easily seen by adjusting the proof below.

Proof. See page 140 of [KL2] for a detailed discussion of 7(f). In particular,
the vector m(f)v is characterized by the property that

fyo,w) = /5 £(9) (m(g)v,w) dg

for all w € V. Since 7 is unitary, for any k € K we have

(r(kyn(f)o, w) = (x (o, m(k~ ) = /6 £(9) (m(g)o, (kYY) dg

/f r(kg)v, w) dg—/fk 1g) (m(g)v, w) dg = {m(f)v, w)

by the left K-invariance of f. Thus 7 (k)7 (f)v = m(f)v € VE as claimed.
The adjoint of 7(f) is the operator w(f*), where

9 =flg=h) e L'G,x7H).

The right K-invariance of f means that f* is left K-invariant, so the operator
7(f)* = m(f*) also has its image in VX, If w € (VE)L then for any v € VE
we have

(m(f)w,v) = (w, 7 (f*)v) = 0.
Hence n(f)w € VE N (VE)+L = {0}, as needed. O
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4 Maass cusp forms

Here we review some well-known properties of Maass cusp forms, and spell out
their connection with the representation theory of the adele group GL2(A).

4.1 Cusp forms of weight 0

More detail on the material below can be found e.g. in Iwaniec [Iw2]. Fix a
level N € Z*, and let w’ be a Dirichlet character whose conductor divides N
and which satisfies

W'(-1) =1. (4.1)

We view w’ as a character of I'o(N) viaw’((2 %)) = w’(d). Note that w’'(y) = 1 if
v € T1(N). Let L?(N,w’) denote the space of measurable functions u : H — C
(modulo functions that are 0 a.e.) such that

u(yz) = w'(7)u(z) (4.2)

for all v € T'y(N), and whose Petersson norm

1 / . dx dy
ul|? = —— u(r + 1y 2 4.3
[l o) FO(N)\HI ( 1= (4.3)

is finite. Taking v = (7' _;) in [@2) gives w'(—1) = 1 if u(z) # 0, which is
why we imposed (@.1]).
Let 6 € G(Q)T, and write

ST (NN N(Q) = {(§ )|t € Z},

where Ms > 0 (see Lemma 3.7 of [KL2]). If w is any continuous function
satisfying (£2]), we set
us(2) = u(4(2))-

Then us(z + Ms) = us(z), so for all y > 0, it has a Fourier expansion about the
cusp ¢ = §(oc0) of the form

o0

us(z) = Z am,s(u,y) e(nx/Ms).

m=—0o0

We drop § and just write a,,(u,y) when ¢ = co. An element u € L?(N,w') is
cuspidal if its constant terms vanish:

1

Ms
aos(u,y) = A /0 u(d(z+dy))dz =0 (4.4)

for all § € G(Q)™ and a.e. y > 0. The subspace of cuspidal functions is denoted
L3(N,w').
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The hyperbolic Laplacian is defined as an operator on C*°(H) by

02 0?
— .22 4 Z
T o
This operator commutes with the action of G(R)*:
(Au)(gz) = A(u(gz)).

By this invariance, A descends to an operator on C2°(I'y (NV)\H), which is dense
in L?(N,w’). One can show that relative to the Petersson inner product, this
operator is symmetric and positive:

(A6, 5) = (6, M) (46)
(86.6) = prsoey | VO P20 @)

([Lang], §XIV.4). The operator A extends to an elliptic operator on the distri-
bution space D'(I'; (N)\H) of continuous linear functionals on C2°(I';(N)\H).
See [F1], p. 284. Identifying ¢ € L?(N,w’) with the functional f + (f, )
realizes L?(N,w’) as a subspace of D'(I';(N)\H), although this subspace is not
stable under the extended operator A.

A Maass cusp form of level N and nebentypus w’ is an eigenfunction u
of A in the subspace L3(N,w’) ([Mal). By the elliptic regularity theorem, such
an eigenfunction is necessarily smooth, i.e. v € C*(H) (cf. [F2] p. 214, or
[Cang] p. 407). We write Au = (§ 4 t*)u for the Laplace eigenvalue and call
t the spectral parameter of u. It is also customary to use s(1 — s) for the
eigenvalue, where the relationship is given by s = % + it. We will not use this
notation, preferring instead to use s = it.

Theorem 4.1. The cuspidal subspace L{(N,w') has an orthogonal basis consist-
ing of Maass cusp forms. Fach cuspidal eigenspace of A is finite dimensional,
and the eigenvalues are positive real numbers Ay < Ay < -+ with no finite limit
point.

Remarks: (1) A famous conjecture of Selberg asserts that A; > %, or equiva-
lently, that all of the spectral parameters t are real, [Sarl]. (It is not hard to
show that the set of t ¢ R is finite; see Corollary [[3] on page [[2l) Selberg
proved that A\; > %. See §6.2 of [DI], where this is proven as a consequence of
the Kuznetsov formula. The best bound to date is A\; > 1 — ()% ~ 0.238037...,

6
due to Kim and Sarnak [KS].

(2) In the case of level N = 1, Cartier conjectured that the eigenvalues occur
with multiplicity one ([Car]). Until very recently, it was widely believed that the
eigenvalues of A on the newforms of level N should occur with multiplicity one.
However, Stromberg has discovered counterexamples on I'g(9) which, despite
coming from newforms, nevertheless arise out of the spectrum of a congruence
subgroup of lower level ([St]). Some of his examples were found independently
by Farmer and Lemurell.
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Proof. (Sketch. See also [[w2], §4.3 and [[K], §15.5.) The existence of the
basis is a consequence of the complete reducibility of LZ(G(Q)\G(A),w) (see
Proposition .8 below). The discreteness of the set of eigenvalues and the finite
dimensionality of the eigenspaces both follow from (3] on page [[Il The fact
that there are infinitely many linearly independent cusp forms can be seen from
Weyl’s Law (see (T.4])). By (&1 the eigenvalues of A are nonnegative. If Au =0
for u € L3(N,w'), then u is a harmonic function on I'y (N)\H. By the maximum
principle ([E2], p. 72), the supremum of |u(z)| occurs on the boundary, i.e. at
a cusp, where u vanishes. Hence u = 0. This shows that the \; are strictly
positive. O

If w is a Maass cusp form with A-eigenvalue % + 2, its Fourier expansion at
oo has the well-known form

u(e+iy) = > am(u)y? Ky (2nlmly)e T (4.8)
meZ—{0}

for constants a,,(u) called the Fourier coefficients of u (see e.g. [Bul, §1.9).
The K-Bessel function can be defined by

1 [ - d
Ki() = [ ety (49)

for s € C and Re(z) > 0.

4.2 Hecke operators

For u € L?(N,w’) and an integer n > 0, the Hecke operator Ty, is given by

d—1
Tnu(z) _ n—1/2 Z ZWU(GZ;_T)

ad=n p=0
a>0
One shows in the usual way that Tou € L2(N,w’).
We also define T_ju(x + iy) = u(—x + iy). A Maass cusp form is even
(resp. odd) if T_ju = u (resp. T_1u = —u). If u is even, then in ([LS8]) we have
a_p = Gy, while if v is odd, a, = —a_y.

Proposition 4.2. The Hecke operators for ged(n, N) = 1 are normal operators
on L*(N,w'). They commute with each other and with A. Hence the family
of operators {A,T_1,Ty| ged(n, N) = 1} is simultaneously diagonalizable on
L3(N,w').

Proof. We can compute the adjoint of T, as in §3.9 of [KL2|]. The proof of diag-
onalizability in the holomorphic case relies crucially on the finite dimensionality
of Sg(N,w’). In order to get the diagonalizability of T, on L3(N,w’) we can
use the fact that each T}, preserves the A-eigenspace L3(N,w’, i +2), which is
finite-dimensional. These subspaces exhaust the cuspidal spectrum by Theorem
ATl See also Proposition .8 below. O
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A Maass eigenform is a cusp form u which is a simultaneous eigenvector of
the operators T, for n > 1, (n, N) = 1. We write Tyu = Ay(u)u for the Hecke
eigenvalue. In this situation,

an(u) = a1 (u) Ay (u)

whenever gecd(N,n) = 1. This is a consequence of the fact that for any cusp
form u,

am (Tohu) = Z W' () azm (u), (4.10)

£ ged(n,m)

which is proven in the same way as for holomorphic cusp forms.

We now define a function which serves as the adelic counterpart to T, (see
Lemma below). Fix integers N,n € ZT with ged(n, N) = 1, and let w be a
Hecke character of conductor dividing N. Define f* : G(Ag,) — C as follows.
Let

Mi(n,N)={g=(2Y) € M,(Z)| det g € nZ* and ¢, (d — 1) € NZ}.

Let Mi(n, N), be the local component of this set in G(Q,). Note that if p { n,
then M;i(n,N), = K1(N), = K;(N) N K,. The function f* is supported on
Z(Agn)Mi(n, N) and given by

w(z) Y(N)

A (zm) = oK. ()~ @@ (4.11)

It is clear that f™ is well-defined and bi-K; (N )-invariant. For any finite prime
p, define a local function f7 on G(Q,), supported on Z(Q,)M;(n, N),, by

wp(z)
meas(K(N),)

fp(zm) = (4.12)

Then f*(g) =11, /5 (9p)-
We now recall the definition of the unramified principal series of G(Q,).
Suppose pt N, so wj, is an unramified unitary character of Q. For v € C, let

x((65)) :Xl(a)XQ(d)’%

(4.13)
P
be an unramified quasicharacter of the Borel subgroup B(Q,). Here we take x1
and x2 to be finite order unramified characters of Q; with
X1(2)x2(2) = wp(2).
Let V, be the space of functions ¢ : G(Q,) — C with the following properties:
(i) For all (¢5) € B(Qp) and all g € G(Q,),

a|v+1/2

(5 0) 9 =]

P
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(ii) There exists an open compact subgroup J C G(Q,) such that ¢(gk) =
¢(g) for all k € J and all g € G(Qy).

We let 7, denote the representation of G(Qp) on V; by right translation. It is
unitary when y is unitary, i.e. when v € ¢{R. The space V, has a one-dimensional
subspace of Kj,-fixed vectors, spanned by the function

aol(5 50 = xa(ayata) [

(k€ K,). (4.14)

Proposition 4.3. The representation (my,V,) defined above is irreducible. Ev-
ery wrreducible admissible unramified representation of G(Q,) with central char-
acter wy is either one-dimensional or of the form m, for some x as above. If
Ty 15 unitary then either:

- v € 1R (unitary principal series), or

-0 < |Rev| < i (complementary series).

Proof. Refer, e.g., to Theorems 4.5.1, 4.6.4, and 4.6.7 of [Bul. O

The local component f7 of f* acts on the unramified vector ¢g in the fol-
lowing way.

Proposition 4.4. Assume p{ N, and let n, = ordy(n) > 0. With f7 as above,
the function ¢o of EI4) is an eigenvector of the local Hecke operator m(f})
with eigenvalue

pnp/2APn7’ (X17 X2, V)7

where
p

/\pnp(X17X27V) = Z(p

2j
J=0 p

)Vxl(p)jX2(p)n"’j~ (4.15)

Proof. The fact that ¢g is an eigenvector is due to Proposition B.10, together
with the fact that the space of K-fixed vectors is one-dimensional. Thus the
eigenvalue is equal to m, (f})¢o(1), which can be computed using the decompo-

sition
Ilp _7 a
Mo, N, =) U (p pnp_]) K, (4.16)

j=0a€Z/piZ
(IKL2], Lemma 13.4) as follows:
ot .
| @) = A (x X2, v).

np —J
p p

G(Qp

L B = Sy
j=0
O
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4.3 Adelic Maass forms
Let w be the Hecke character attached to w’ as in [2.8]). Using ([Z9) and (1),

we have

Woo (1) = Weo (—1)w'(=1) = weo (— pr =w(-1)=1.
pIN

Since we is trivial on RT, this implies that for all x € R*,
Weo(x) = 1. (4.17)

Let L?(w) = L*(G(Q)\G(A),w) be the space of measurable C-valued func-
tions ¥ on G(A) (modulo functions that are 0 a.e.) satisfying 1 (zvg) =
w(z)Y(g) for all v € G(Q) and z € Z(A) = A*, and which are square inte-
grable over G(Q)\G(A). A function ¢ € L?(w) is cuspidal if its constant term
@ vanishes for a.e. g € G(A):

Un(g) = / Y(ng)dn = 0.
N(Q)\N(A)

Let L3(w) C L?(w) denote the subspace of cuspidal functions. We let R de-
note the right regular representation of G(A) on L?(w), and let Ry denote its
restriction to L3(w), which is easily seen to be an invariant subspace.

Let L'(w) denote the space of measurable functions f : G(A) — C satisfy-
ing f(zg) = w(z)f(g) for all z € Z(A) and g € G(A), and which are absolutely
integrable over G(A). Such a function defines an operator R(f) on L*(w) via

R(f)é(x) = / F(w)ély)dy,

G(A)

the integral converging absolutely. Recall in fact that ||R(f)¢lr2 < || fllr:]|¢ll L2
(see e.g. [KL2], p. 140). The restriction of R(f) to L3(w) is denoted Ro(f). For
f,h € L}(©), the convolution

£ hiz) = /a S

also belongs to L' (@), and by a straightforward computation we have

R(f xh) = R(f)R(h).

To each v € L*(N,w’) we associate a function ¢, on G(A) using strong
approximation (23] by setting

Pu(V(goo X k) = u(geo (7)) (4.18)

for v € G(Q), g € G(R)T, and k € K;(N). Using the modularity of u, it is
easy to check that ¢, is well-defined.
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Proposition 4.5. The map u — @, defines surjective linear isometries
LQ(N, w/) N LQ(M)KOCXIQ(N)

and
LE(N,w') — LE(w)Hex KN,

where the spaces on the right denote those functions satisfying p(gk) = ¢(g) for
all k € Koo X K1(N).

Proof. First we check that ¢,(zg9) = w(2)pyu(g) for all z € Z(A). By strong
approximation, we can assume that ¢ = g, X k¥ € G(R)*T x K{(N). Write
z = 2Q(200 X 2fin) for zoo € RT and zs, € Z*. We have Zfn = a mod NZ for
some integer a relatively prime to N. Then w(z) = w'(a) as in (Z8). Choose
b, ¢,d such that v = (‘z Z) € Ty(N). Then yza, € K1(N), and

Yu(29) = ©u(129) = Pu(V9o0 X V2fink) = u(V9goo (7))

= w'(d)u(goo (i) = w'(a)pulg) = w(2)pulg)
as needed.
For the square integrability, let Dy be a fundamental domain in H for
Io(N)\H. We identify Dy with a subset of G(R)" via z + iy > ({ 7). Then
by Proposition 7.43 of [KL2],

[ Jeuo)Pdg = [ ou(g)dg
G(Q)\G(A) DN Koo xKo(N)

— meas( (V) [ e+ iy) P2

Y2
This proves that the map u +— ¢, is an isometry of L?(N,w’) into L?(w) e K1 (N}
since it is clear from the definition (£I8]]) that ¢, is invariant under K, x K7 (V).

For the surjectivity, we note that the inverse map is given by

.

u(z) = p(goo),

where g, € G(R)T is any element satisfying go.(i) = 2. The function u is
well-defined since ¢ is Ko-invariant. The fact that u(z) satisfies ([£2) can be
seen as follows. For v = (2¢}4) € I'o(N), we can write y~! = (*V . )k for
k€ K1(N) (and ay as in (22)). Thus

u(72) = p(Yoogoo) = P(goo X Vi) = P(goo X (“ ay )K)
= w(an)p(gsc) = w'(a)u(z) = ' (d)u(2).

Lastly, for any g € G(R)T x K;(IV), there exists § € G(Q)" determined by

gan such that
(¢u), (9) = ao,s(u,y)

for y = Im goo(¢). This is proven just as in the holomorphic case, making the
obvious adjustments. See [KL2], pp. 200-201. Therefore u is cuspidal if and
only if ¢, is cuspidal. O
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Next, we describe some properties of the correspondence u +— @y,.

Lemma 4.6. The correspondence is equivariant for both A and the Hecke op-
erators, in the following sense: For all u € L*(N,w'),

G(Asin)

R(f™) ¢ = / F(9)R(9)pu dg = VA 91 (4.19)

for f® defined in [EI1), and if u is smooth,
R(A)pu = pau- (4.20)

Proof. In both cases it suffices by strong approximation (Z3)) to show that the
two functions agree on elements of the form (g ”f) € G(R") when u is smooth.
In ([@20), the symbol A is used in two different ways. On the right, A is the
Laplace operator ([{3]), and on the left it is the Casimir element whose effect on
C>=(G(R)) is given by BIJ). But because ¢, is Ko-invariant, ¢, = 0, so
we can drop the second term of [BI9) to conclude

ROl (1) = =7 (3 + 503 ) 2l (87)

= Au(z +iy) = eau((§ 1)), (4.21)

as needed.
The proof of (I9) is the same as that of the version for holomorphic cusp
forms given in [KL2], Proposition 13.6. O

By a theorem of Gelfand and Piatetski-Shapiro, the right regular represen-
tation Ry of G(A) on L2(w) decomposes into a direct sum of irreducible unitary
representations w. Each such cuspidal representation 7 is a restricted tensor
product of local representations: m = oo ® Thin = Moo ® @), mp (cf. [Bul, §3.4).

Proposition 4.7. We have the following decomposition:

L3 (w) KX 0N) = € Cuge @ it ™, (4.22)

where ™ runs through the irreducible cuspidal representations with infinity type
of the form moo = 7(e,€,8,—5), where either s € iR or f% <s< %, and Vs
is a nonzero vector of weight 0 (unique up to multiples). Equivalently, m runs
through the constituents of Li(w) which contain a nonzero Ko x Ki(N)-fived

vector.

Remarks: (1) Selberg’s conjecture asserts that the complementary series of
Proposition B.8 do not actually show up here, i.e. that s € iR. Likewise,
according to the Ramanujan conjecture, the unramified local factors of mg, are
unitary principal series rather than complementary series (cf. Proposition 3)).

(2) Caution about notation: In §11 of [KL2|], when discussing 7 (e1, €2, $1, $2) we
used the notation s = s; — . In the present document, we take s = 2(s; — s2).
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Proof. For any irreducible cuspidal representation 7, the orthogonal projection
map L(w) — 7 commutes with the right regular action R(g). As an easy
consequence, we have

L2(w) Ko ¥ K1) — @oncxxl(zv).

The Casimir element A acts on the smooth vectors of an irreducible finite dimen-
sional representation of G(R) by a scalar which is < 0 (c¢f. Theorem 11.15 and
Proposition 11.22 of [KL2]). We conclude from the fact that Ro(A) is positive
definite that 7., is infinite dimensional. The proposition now follows immedi-
ately from Proposition 3.8l Note that ws, is the trivial character, so s1 +s2 =0
in the notation of that proposition, and here we have set s1 = —s5 = s. O

An adelic Hecke operator of weight 0 is a function on G(A) of the form
f=Tfwx ["eLNG(A)D) (4.23)

with foo € C.(GT//Ky) and f* as in (@II)). We now show that for such f,
the operator Ro(f) on L3(w) is diagonalizable. By Lemma B.I0, it suffices to
consider its restriction to L3 (w)exK1(N);

Proposition 4.8. For each cuspidal m1 = 7(e,e,8,—5) @ wgn contributing to

E22), choose an orthogonal basis Fy for the finite dimensional subspace Cvoo ®

71'{{111(1\/). Let Fa =, Fr be the resulting orthogonal basis for LZ(w)e>K1(N)|

Then each ¢ € Fa is an eigenfunction of Ry(f) with eigenvalue of the form

h(t)v/n Aa(p), (4.24)

where t = —is is the spectral parameter of T, h is the Selberg transform of foo,
and Au(p) = [, Apme is determined from m, for pln by @I5). Furthermore,
if u € L3(N,w') is the function on H corresponding to o, then u is a Maass
eigenform with A-eigenvalue i +t2, and Hecke eigenvalue Ay(u) = Ap().

Proof. Let m be one of the given cuspidal representations. When p|n, 7r1},< 1Np
71'5 ” is nonzero, so 7, is an unramified unitary principal series representation.

Write W;I,{ ? = Cu,. By Proposition [£4] we have
mp(fp)vp = pnp/z)‘p“" Up-

At the archimedean place, Proposition 3.9 gives
Too (foo Voo = h(t) V-

Consider any v € Cvg ® wéil(N). For any object defined as a product of
local objects, let us for the moment use a prime ’ to denote the product over
just the finite primes p {n. Then

v:vm®v’®®vp

pln
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for v, as above and

o€ (@) = Q)
pin

By the definition ([@IT]) of f*, we see that

2 (Y = meas(Ka (N)) " /

Ki(NYy

7' (k)v'dk =o'

Letting ¢ € L3(w) denote the function corresponding to v, it follows (e.g. by
Proposition 13.17 of [KL2]) that

R(f)p = oo (foo oo @ 7 ()0 @ Q) mp (£3)0p = VEAa(0)1(t)p.

pln

Now let u be the element of LZ(N,w’) attached to v. We need to show that
Au = (} + t*)u. For any X € gr, we have

il m(exp(tX) x lan)v =

e (XP(EX) ) oe @ Vi
Therefore

T(A)V = Too (A) Voo
by B20). Equivalently7 R(A)p
Lastly, by Lemma [£.6] we also have

® Vg = (l + %)
(i +t2)§0’ SO by (m) A’u = (i + t?)u
An(u) = Aa(p).

O
With Fa as in the above proposition, we let

F C LN, (4.25)
be the corresponding orthogonal basis. It consists of Maass eigenforms as shown

above. Using Proposition [.8] we can arrange further for each u € F to be an
eigenvector of T_;.
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5 Eisenstein series

The continuous part of L?(w) is explicitly describable in terms of Eisenstein
series (see Sec. [6.1]). Because we are interested in automorphic forms of weight
k = 0 and level N, we will concentrate on K., x Kj(N)-invariant Eisenstein
series.

5.1 Induced representations of G(A)

We begin by constructing certain principal series representations of G(A). These
are representations induced from characters of the Borel subgroup B(A) =
M(A)N(A). Any character of B(A) is trivial on the commutator subgroup
N(A), and hence is really defined on the diagonal group M(A) = A* x A*.
We are only interested in G(Q)-invariant functions, so we want a character of
B(Q)\B(A), which by the above is nothing more than a pair of Hecke charac-
ters, say x1 ® |- |** and x2 ® | - |°2, where X1, X2 have finite order. Furthermore,
we need the product of these two characters to equal our fixed central character
w, which has finite order. This means in particular that sy = —s7.

Thus for finite order Hecke characters x1 and y2 with x1x2 = w, and s € C,
we consider the character of B(A) defined by

a S

(6 2) = u@u@]s

We let (ms, H(x1,X2,8)) denote the representation of G(A) unitarily induced
from this character. This Hilbert space has a dense subspace spanned by the
continuous functions ¢ : G(A) — C satisfying

s+1/2

2 d(g). (5.1)

(5 )9 =u@u@];

The inner product is defined by
(6:0) = | STk
K

This is nondegenerate since, by the decomposition G = BK, any ¢ € H(x1, X2, S)
is determined by its restriction to K. The right regular representation 7w, =
7s(x1, x2) of G(A) on H(x1,Xx2,$) is unitary if s € iR (for the idea, see e.g.
IKL2] Proposition 11.8). As explained in §4B-4C of [GJ], we have

H(X17X278) = H(X27X17_3) (52)

as representations of G(A).
Restriction to K identifies H(x1, X2, s) with the subspace of L?(K) consisting
of functions satisfying

FUE0)E) =xila)x2(d)f (k) ((gh) € BA)NK).
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In this way, the spaces H(x1, x2,s) form a trivial vector bundle over the above
subspace of L?(K). Given ¢ € H(x1,x2,0) and s € C, we define ¢, €

H(x1,x2,s) by
s+1/2

o.((§ )0 =@ |5

Equivalently, if H : G(A) — R™ is the height function defined by
a 1 =z a
@ =a((* ) (1 )0 =3, (5.3

¢s5(9) = D g(g).

The map from H (x1,x2,0) to H(x1, Xx2,s) taking ¢ — ¢, is an isomorphism of
Hilbert spaces. We set

then

H(x1,x2) = H(x1,x2,0).

Lemma 5.1. Suppose ¢ € H(x1,X2,$) is a right Koo X K1(N)-invariant func-
tion, i.e. ¢ € H(x1,Xz2,5)5=*FK1(N) Define ¢o : G(R)T — C by

Poo (goo) = Im(z)8+1/2 (Z = goo(z) € H)v (54)
and for p{ N, define ¢, : G(Qp) — C by

¢p(<g g) £) = xaplah(d) |5

Also set ¢ = HMN ¢p, and define ¢ : HpIN G(Qp) — C by

on(gn) = (1o X gn % 1').
(When N =1, the above is just the constant ¢(1).) Then ¢ is factorizable as

s+1/2

D(goo X gN X §') = boo(goo)On ()¢ (¢)-

C(u 0\ (1 =2\ [(y'/?
g°°<0 u) <0 1)( Y12 ) Foo

Then since ¢ is K-invariant,

Proof. Write

¢(900 X gﬁn) = Weo (U)XloO(yl/z)X%o(y71/2)ys+%¢(100 X gﬁn)
— T2 (1o X Ghin) = boo(9o0)d(1oo X Ghin)

since wy is trivial by [@IT), and X100, X200 are trivial on RT. Now according
to the Iwasawa decomposition, write ¢’ = b'k’ for ¥/ € K' = [~ Kp and
b e Hp)[N B(Qp). Then by the same argument, using the fact that ¢ is right
invariant under K’, we have

P(lee X gy x g') = &' (9" )p(1ec X gy x 1) = ¢' (¢ )N (gn)-

The lemma follows. ]
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Proposition 5.2. If f = foo X f® with fo € Co(GV//K), the operator ms(f)
acts by the scalar

h(t)v/n Aa(x1, X2, it)

on H(x1,X2,8) , and vanishes on the orthogonal complement of this
finite dimensional subspace. Here, t = —is, h is the Selberg transform of fs,
and

Koo x K1 (N)

)\n(XluXZaS) = H)\pnp (le’X2pvs) :nSZW’ (55)

pln d|n
for Apew (X1p, X2p, S) as in Proposition [{.7)
Proof. The dimension of H(x1, xa,5)%=*%1(N) is computed in Section [5.4] be-
low. By LemmaBI0] 7s(f) vanishes on its orthogonal complement. The second
equality in (B5]) comes from the fact that for any finite order Hecke character
x of conductor dividing N, and any positive integer d|n,

1= x(d) = [T [ (),

pln p|N

SO

D™ =TT xw@ = ] xw@) = x(dxy).

pln pln pIN
For ¢ € H(x1, x2,8)5=>*f1(N) write

¢ = oo ® dn @ (X) by

ptN

as in the above lemma. Note that ¢, is a weight 0 vector in an induced
representation 7., = m(e1, €9, s, —s) with spectral parameter ¢ = —is. Likewise
if p 4 N, then ¢, is the K,-fixed vector in the unramified representation m,
of G(Q,) induced from the character (x1p, x2p) of B(Q,) (as in (@I3), taking
v =3s). Setting fn = HpIN fp, we have

75 ()6 = Too(foo) oo @ R(fN) N ® Q) mp (1) -
ptN
Here
7Too(foo)¢’oo = h(t)¢00
by Proposition B9 and if p{ N,
Wp(f;)qbp = pnp/Q)‘p“P (X1ps X2p, 8)Pp
by Proposition 4] while by (£12)

1
R = k)dk = )
on () = ) /n ey, YRR = o ()
Therefore ms(f)éd = h(t)v/n (X1, X2, $)@ as claimed. O
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5.2 Definition of Eisenstein series

The elements of H(x1, X2, s) are B(Q)-invariant by construction. We use them
to define G(Q)-invariant functions (automorphic forms) on G(A) by averaging:

E(¢,5,9)=E(¢s,9) = Y.  ¢s(v9) (€ Hlxi,x2))
YEB(Q\G(Q)

This sum converges absolutely when Re(s) > 1/2 (see Proposition below).
For now we will assume that s belongs to this domain. However, the Eisenstein
series F has a meromorphic continuation to the complex plane. We will prove
this well-known result below in the case where ¢ is K, x Ki(N)-invariant by
writing down the Fourier expansion of E, which is seen to be meromorphic on
C (cf. Theorem B.TI6]).

For a fixed level N, we will only be interested in the case where ¢ is a
nonzero (right) K. x Kj(N)-invariant vector. Such ¢ exists if and only if
the product c¢,,¢,, of the conductors divides N (see Corollary [E.11] below).
In this case, E(¢,s,g) is left G(Q)-invariant and right K;(NN)-invariant. By
strong approximation we have G(A) = G(Q)(G(R)™ x K1(N)). Therefore it
suffices to investigate E(®, s, goo X lfin), Where g0 € G(R)T = Z(R)B(R)K .
Furthermore, because

1. E(¢, 8, goo) is right K -invariant
2. the central character w = x1x2 is trivial on Z(R) (see (&I1)),

the value of E(¢, s, goo) depends only on z = g (i) € H. So for z = 2+ iy € H,
we define

Ed)(sy Z) = E(¢7 5,000 X 1ﬁn)7

1/2

for any goo € Z(R)(§%) (¥ yfl/Q)Koo. Thus

E¢(S,Z) = Z ¢s(7900) = Z eSH(’YoogOQX’YﬁD)QZ)('Yoogoo X ’Yﬁn)a
YEB(Q\G(Q) YEB(Q\G(Q)
where H is the height function defined in (B3]

Lemma 5.3. A set of representatives for B(Q)\G(Q) is given by =N (Z)\ SLy(Z).
The latter set is in one-to-one correspondence with ordered pairs (c,d) of rela-
tively prime integers with ¢ > 0, together with (0,1), via =N(Z)(2Y) < (c,d).

Proof. The first assertion follows from the decomposition

G(Q) = B(Q)SL2(2) (5.6)

since B\BT = (BNT')\I". The decomposition (B8] can easily be proven directly
as follows. Let g = (¢%) € G(Q). Write (¢ d) = t(¢ d’), where t € Q,
c,d € Zand ged(c¢',d") = 1. There exist integers x and y such that dz—d'y = 1.
Then (%, =) € SLy(Z) and (¢4)( %, =) € B(Q).

c —c —y
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For the representatives, view Z X Z as a set of row vectors, and consider the
right action of SLa(Z) on this set. The stabilizer of (0 1) is N(Z). Therefore
N(Z)\ SLy(Z) is in one-to-one correspondence with the orbit of (0 1). It is easy
to see that this orbit is the set of ordered pairs of relatively prime integers:

0 1) (i Z) — (¢ d).

Considering instead the set £\(Z x Z), the stabilizer of £(0 1) is £N(Z) and
we can take ¢ > 0, obtaining the given set of pairs (¢, d). O

By the above and Lemma 5] we have

E¢(S, Z) = Z €SH(’Y°°g°°><1ﬁn)¢oo ('7900)¢ﬁn(’7)'
YEEXN(Z)\ SL2(Z)

This holds since g, € SLa(Z) C Kgy and the height function is Kg,-invariant.
Now using

. Y
MOt = [Im(y2)] = oy (1= (24)),

together with (B4) (with s = 0), we have

1/2+s
s )
Ey(s,2) = 4> 64 (0,1) + Z Z o2+ di s oan(c, d). (5.7)
c>0 deZ
ged(c,d)=1

Here we have written ¢an(c,d) to denote ¢g,(y). This notation is apt because
s is left B(Q)-invariant, so that for y = (2 %) € SLy(Z), ¢gn(7) depends only
on (¢,d) by Lemma 53]

5.3 The finite part of ¢

We eventually need to compute the Fourier coefficients of Ey(s, z) for ¢ in an
orthonormal basis for H(x1,x2)%=*K1(V) " Since we can take ¢o, to be the
function determined in Lemma [5.1] in order to find such a basis we just need to
write down the possibilities for ¢gy,.

Lemma 5.4. Kg, = SLy(Z)K;(N).

Proof. Let S = SLa(Z) N K1(N) denote the set of determinant 1 elements of
K1(N). Note that S is an open subgroup of SLy(Z). Hence

SLy(Z) = SLo(Z) - S

since SLy(Z) is dense in SLy(Z) (see e.g. Proposition 6.6 of [KL2]). From this
we obtain the following decomposition:

Kin = SLa(Z) <2 1) — SLy(Z) {S <2 1)} .

The lemma follows since the expression in the brackets is exactly K1(N). O
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Lemma 5.5. For a nonzero vector ¢ € H(x1,x2) >*K1(N) " with ¢, given as
in Lemma [B], the finite part ¢ayn is determined by its restriction to SLa(Z).
For v = (2Y) € SLy(Z), ¢sn(7) depends only on (c,d) mod N.

Proof. By strong approximation for B(A) ([KL2], Prop. 6.5),
G(A) = B(A)K = B(Q)(B(R)" Koo X Kgn).

Hence by B(Q)-invariance, ¢ is determined by its restriction to G(R)™ x Kgy,.
We assume that ¢ is the function given in Lemma Bl By K;(N)-invariance
and Lemma B4 ¢4, is determined by its values on SLy(Z). Lastly, because
K(N) C Ki(N), ¢an determines a function on Kqn/K(N) =2 G(Z/NZ). There-
fore ¢nn(y) depends only on the entries modulo N. O

Proposition 5.6. For any ¢ € H(x1, x2) ~*5 1 (N) and all z € H, the Fisen-
stein series Ey(s, z) is absolutely convergent on Re(s) > 1/2. For any § > 0
and compact set C C H, the convergence is uniform on the set Re(s) > % +4
and z € C.

Remark: A similar proof applies to the case of arbitrary ¢ € H(x1, x2) (cf. [Bul,
Proposition 3.7.2).

Proof. 1t follows from Lemma that ¢gn is a bounded function. So up to a
constant multiple, E4(s, z) is majorized by the classical series

Re(s)+1/2

. Y
E(Re(s)) Z) - Z |CZ + d|2Re(S)+17
(¢,d)#(0,0)
which is easily seen to converge when Re(s) > 1/2. O

As indicated in the proof of Lemma 5.5l ¢g, can be viewed as a function on
G(Z/NZ). Let D(x1,x2,N) denote the space of all functions ¢ on G(Z/NZ)

satisfying
(" D) E(" )= aa@e
for all k € G(Z/NZ) and a,d,a’ € (Z/NZ)* and b,V € Z/NZ, or equivalently,
(" D) E(7 ) = n@na@s@om.

Here d' € (Z/NZ)*, and we view x; and x2 as characters of (Z/NZ)* as in
23), i.e. xj(a) = xjlan). We make D(x1,x2,N) into a finite dimensional
Hilbert space by defining

(¢1,02) = |G(Z/NZ)| ™" Z o1 (k) p2 (k). (5.8)

kEG(Z/NZ)
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Notice that if ¢, € H(x1, x2) >=*%1(N) then with notation as in Lemma
BT it is easy to see that

00) = [ ottt [ on@intiar [ o @TE

Kn

= N (k)n (k)dk, (5.9)

Kn
where Ky = [[,x Kp. Letting Ky(N) = {k € Ky|k = 1 mod N}, the
K (N)-invariance then gives

(. 0) =[Kn:KEn(N)]™" > on(k)dn(k) (5.10)
keKnN/Kn(N)
=|G2Z/NZ)|7 Y on(k)pn (k).
keG(Z/NZ)

(When N = 1, this is just ¢(1)1(1).) In view of (B8], this proves the following.

Lemma 5.7. The identification of ¢an with a function on G(Z/NZ) induces
an isometry of H(x1,x2)5 ¥ W) with D(x1, x2, N).

The space D(x1, x2, V) can be analyzed locally since

G(z/NZ) = [ G(Z,/NZy).

p|N

We let D, (x1, x2, N) denote the space of functions on G(Z,/NZ,) satisfying?

(" )E(7 W) =u@u@u@nr G

for k € G(Z,/NZ,), a,d,d’,d" € (Z,/NZ,)*, and b,/ € Z,/NZ,. This is a
Hilbert space with inner product given by the local analog of (5.8)):

(b1, 02) = [Kp : Kp(0™) 70 Y a(k)ga(k), (5.12)

kEG(Zy/NZy)

and we have isometries

Koo x K1 (N) o -D XlaX27 ®D XlaXQa (513)

p|N

H(le X2)

When N =1, the empty tensor product on the right is to be interpreted as C.

2Here and henceforth, for a € Q; we evaluate x1(a) by embedding a as an idele which is
1 outside p. This is equivalent to x1p(a) but we sometimes wish to avoid the extra subscript
when the context is completely local.
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5.4 An orthogonal basis for H (1, s )%=*51()
Most of the material in this section is drawn from pages 305-306 of Casselman’s
article [Cas].

In order to construct an orthogonal basis for H(x1, x2)
from (GI3) that it suffices to do so for D,(x1, X2, N). Define

KooxK1(N) ' e gee
B(Z,/NZ,) = {(8 Z) la,d € (Z,/NZ,)*,be Z,/NZ,}.
Proposition 5.8. For a prime p|N, we have the following disjoint union:

Np

G(Zp/NZp) = U B(Zp/sz) (;z (1)> B(Zp/NZp)-
=0

Proof. Let g = (2Y) € G(Z,/NZ,). Setting i = min(ordy(c), Np), it is ele-
mentary to show that g belongs only to the double coset of ( plz- (1)) For future

reference, we give the decomposition explicitly. There are three cases. If ¢ = 0,
then p™» = 0 mod NZ, and

(8 Z) € B(Z,/NZ,) = B(Z,/NZy,) (p}vp ?) B(Z,/NZ,). (5.14)

Second, suppose that 0 < ¢ < Np. Then a is a unit mod p and

¢ Z)( O 9 b) (i=ordy(c).  (5.15)

If ¢ = 0, then c is a unit, and we have

O G { Y (R PR

]
By equation (I and the above proposition, we see that a function ¢ €
D,(x1, X2, N) is determined by its values on the matrices (p1 (1)), fori =0,...,Np.

Therefore if D,(x1,x2, N) is nonzero, it is spanned by functions (Z)Zfﬁ?j’” satis-

fying
prX2p 1 0
;f,lm\)f(i ((py 1)) = ij- (5.17)

Often we denote the above by ¢; when the other parameters are clear from the
context. Because the decomposition of g into the form (3 g) ( pli (1)) ( ‘6’ Zi ) is not
unique, for some values of i it may not be possible to start with (B.I7) and
extend to G(Z,/NZ,) via ([L.I1I)). We give here the conditions on ¢ under which

such a function exists:
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Proposition 5.9. The function ¢; = Z,lfj\é% is well-defined on G(Z,/NZ,) if
and only if
OrdP(CXQ) <i< NP - OrdP(CX1)a (518)

where N, = ord,(N).

Proof. First, we suppose that (B.I8) holds, and we check that ¢; is well-defined.
It suffices to show that if

<3 3) <;" (1)> = (; (1)) (g i) (5.19)

then the two values produced by ¢; using (BI1]) coincide:
x1(a)xa(d) = xa(t)x2(t). (5.20)

The equality (5.19) gives

ros\ a + bp? b
0 t)  \dp'—ap' —bp* d—bp')"

From the lower left corner, we see that (d — bp?)p® = ap® mod p™», so
d —bp' = a mod pNr ¢ (5.21)
Because ordp(cy, ) < Np — 4, this implies
x1(a) = x1(d = bp') = xa(t).
Similarly, because ord,(cy,) < i, we have
Xa(d) = x2(d — bp") = x2(t).

This proves (520), so ¢; is well-defined.
Conversely, assume ¢, is well-defined. Thus we suppose that whenever (5.21))
holds, we have the equality

x1(a)x2(d) = x1(d — bp*)x2(d — bp").

Using this we must deduce (5.I8). Set a =1, b =0, and d = 1 +up™»~* for any
u € Zp. Then (E2])) holds, so by our hypothesis we get

Y2 (14 up™r ™) = x1 (1 + up™* ") x2(1 + up™r ™).

This implies x1(1 + up™r~%) = 1, so ord,(cy,) < N, — i as needed. Now set
a=1and d=1+bp’ for any b € Z,,. Then (E2I)) holds, so we have

x2(1+bp") = x1(1)x2(1) = 1.

Thus ord,(c,,) < ¢ as needed. O
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Corollary 5.10. Given that (x1x2)p = wp, the space D,(x1, X2, N) is nonzero
if and only if
ordy(¢y, ) + ordy(cy,) < Np,

i.e. if and only if NZ, C ¢y, c\,Z,. If nonzero, its dimension is equal to
1+ ordp(%), with an orthogonal basis given by
X1vX2

B, = By(x1,x2) = {¢i] ordp(cy,) < i < N —ordp(cy, )}

Proof. The only point remaining is the orthogonality of {¢;}, which follows
immediately from the definition of the inner product (512 since these functions
have disjoint support. O
Tensoring the local spaces together, we have:
Corollary 5.11. Given that x1x2 = w, the space H(x1, XQ)KmXKl(N) 18 nmonzero
if and only if ¢y, c\,|N. If nonzero, its dimension is T( z\z ) for the divisor
X1 X2

function T, with an orthogonal basis given by

B = B(x1;x2) = {¢u,) = H bi,| ¢i, € Bp}.

p|N

Here we implicitly use the natural identification [.I3). The norm of ¢,y € B
s given by

T el 1
loanll* = 11 T 11 e I1 T S CE)

pIN | PN
ip=0 0<ip<Np ip=Np

Proof. The claim about the dimension follows from the fact that by (GIJ)) the
number of tuples (i) is

H(NP —ordp(cy, ) —ordy(ey,) +1) = 7(

p|N ch CX2

).

For the norm, by (5.9]) we have

||¢(zp)|\2 H/ |, (k V2dk = Hmeas{ E K| min(ord,(c zp}
pIN p|N

When 4, = Np, the corresponding set is just Ko(N),, which has measure
1 1

Pp(N) — pNel(p+1)

(cf. [KL2], pp. 206-207). When 0 < ¢, < N,, the corresponding set is equal to

Ko(p'®), — Ko(p'»*1),, which has measure J éﬂ.p) -0 (plipﬂ) This works out
to 7Lpp(p+1) if 0 < ip < N, and, using ¥, (1) =1, m if ip = 0. H
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5.5 Evaluation of the basis elements

Given a basis element ¢ = ¢; ) of H(x1, x2) >V we will need to compute
the Fourier expansion of the associated Eisenstein series. From our expression
(G70) for Ey(s,z), we see that we need to be able to evaluate ¢an((24)) for

(2b) € SLy(2).

Proposition 5.12. Let p|N. For a local element ¢; € By, and k = (‘; Z) € Kp,
¢;(k) = 0 unless i = min(ord,(c), Np). If this condition is met, then

X2(d) i = Ny,
¢i((z Z)) ={ xi(ad— bC)X1( ) x2(d) 0<i< N,
x1(ad — be)x1(c) i=0.

Proof. This follows from the definition (51Tl of D,(x1, x2,N) and the decom-
positions (LI4)-([EI6). If ¢ = N, then by (EI8) ord,(cy,) < N, —i =10, so x1

is unramified at p. Since N, > 0, we see that a must be a unit, and by (G.IT),

C

o2 5=l = .

If 0 < i < N, then a is a unit and by (&I5) we have

d)i((a Z>) _ Xl(p;a)X1(ada—bc)XQ(ad—bc)

c a

= X1(37)x1(ad — be)xa(d — be) — Xl( - )x1(ad — be)xa(d)

since % € ¢Z, = p'Z, C ¢y,Z,. When i = 0, we have ord,(c,,) = 0, so x2 is
unramified at p. Then (BE.I0]) gives

c

a b ad — bc —
o (& ) =™ = xalod - befa(@) 0
Multiplying these local results together, we have, for (‘é Z) € SLQ(Z),

¢(zp H Xip(c H le pp )x2p(d H X2p(d (5.23)

pIN, p|N, pIN,
ip=0 0<ip<Np ip=Np

under the assumption that min(ord,(c), N,) = i, for all p (otherwise the value
is 0). We can express this as a product of two Dirichlet characters as follows.

Let
N = H p"r

p|N,
ip<Np
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Note that c,, |Ny. Attach to x1 a Dirichlet character modulo Ny by
Xi(@) =[] xanl@) (@, M) =1
p| N1

as in (Z8)-Z9) with N7 in place of N. We extend x} to Z in the usual way by
taking it to be 0 if (2, N7) > 1. For convenience later, we also set x(z) = 0 if

x is not an integer. Let
MY H pip.
pIN
Then assuming ¢;,)((25)) # 0, we have M|c since i, < ord,(c) for all p, and
c c N T~
XQ(M) = H le(j) = H le(pr)le(z%)-
p'P

ip -
p| N1 p p| N1

Therefore defining the constant
C(z‘p) = H le(p%),

we have

[T xuGs) = Canxi G-

p| N1

Similarly, we set
N T o

p|N,
ip>0

(the lexical ambiguity between the above definition and No = orda(N) should
not cause confusion). Observing that c,,| M| N2, we define a Dirichlet character
modulo Ny by

Xo(@) €[] xan(@)  (2,N2) =1,
p|N2

extending to all of Z by x5(z) = 0 if (z, N2) > 1. Note that because M and N
have the same set of prime divisors and ¢, |M, we have

Xa(d+ Mx) = x5(d) (5.24)

for all z € Z. With the above notation, (5:23]) becomes

Cc

sn(& 4) ) =Clop MG, (5.25)

In the preceding discussion, ([B.25) was established under the assumption
that min(ord,(c), Np) = i, for all p. However, it actually holds in general:

Proposition 5.13. Equation [5.28) is valid for all (2Y) € SLy(Z).
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Proof. When min(ord,(c), Np) # i, for some p, the left-hand side of (525 is
equal to 0. Thus it suffices to show that the same is true of x} (§7). By definition,
X1(57) is nonzero if and only if M|c and ged(47, N1) = 1. This is equivalent to
ordy(c) > i, for all p and ord,(c) = i, when 4, < N,. These conditions occur
precisely when 4, = min(ord,(c), Np). O

5.6 Fourier expansion of Eisenstein series

For any ¢ € H(x1, x2)¥=>*%1(N) the Eisenstein series E4(s,z) has period one
as a function of z € H. Indeed, writing z = goo (i),

Ed)(saz + 1) = E(¢,S7 ((1) %)goo X ]-ﬁn) = E(¢7s,goo X ((1) _11)ﬁn) = Ed’(saz)v

the second equality holding by the left G(Q)-invariance of E(¢,s,g), and the
third equality holding by the right K;(N)-invariance of ¢. It follows that
E4(s,z) has a Fourier expansion

E¢(sz) - Z am(say)e(mx)a (526)

meZ

valid when Re(s) > 1/2 by Proposition It turns out that the right-hand
side also converges for other s, to a meromorphic function continuing E4(s, z).
This will be described in the next section. Here we will compute the Fourier
coefficients when ¢ = ¢; ).

Henceforth we fix the tuple (ip),|n, setting ¢ = ¢; ) and M = prpip as
before. Assuming Re(s) > 1/2, by (&) and (528) we have

1/2+4s 1 2+s
E¢(37Z) =Y 12+ C(zp)xll( ) /2+ CZP Z Z |Cz+d|1+25

c>0 dEz
d,c)=1

Recall that

1(0) = 1 if Ny =1, ie. i, = N, for all p|N,
X =0 it > 1, i.e. ip < N, for some p|N,

and x}(¢/M) = 0 unless M|c.
It will be convenient to sum over all d € Z rather than the restricted set
(d,c) = 1. We need the following lemma.

Lemma 5.14. Suppose ged(c,d) = n. Write ¢ = nc’ and d = nd' for integers
c,d. Then

X1 (e/M)x5(d) = X7 (n)x5(n)x} (¢ /M)x5(d). (5.27)

Proof. If ged(n, N3) > 1, then x5(d) = 0 = x5(n). So equation (5.27) is valid in
this case. On the other hand, suppose (n, N3) = 1. Then (n, M) = 1 because
M|Ns. If M 1 ¢, then both sides of (521 vanish. If M|c, then M|¢/, and (.27
follows by the multiplicativity of Dirichlet characters. O

48



Using the above lemma, we have

X5 (5)x5(d)
Zz|cz+d|1+2s Z Z Z |Clzfd|12+2s

c>0deZ n>0 cGnZJr dgz

X )X
Z Xl n1+2s Z Z |Clz _]iv_[d|l2+2s

n>0 c>0 deZ
(d,e)=1
X1 M )X5(d
= Ln(1+ 25, x1X2 Z Z |cz+d|1+25'
c>0 dez
(d,e)=1

Here we have applied (ZI0), using the fact that x/ x4 has modulus lem(Ny, No) =
N. The above has period one as a function of z. This can be seen from the
the fact that the Eisenstein series has period one, or it can be seen directly as

follows: g
X1 )X5(d
ZZ Icz+c+d|l+29 ZZ |C];I_|_ d|1+2$ :

c>0deZ c>0deZ

The summand vanishes unless M|c. Therefore by (B24), x5(d — ¢) = x5(d) in
all nonzero terms, as needed. By this periodicity, the double sum has a Fourier

expansion
ZZ |Cz+d|1+25 Z bin (s, y)e(maz).

>0 deZ
The coefficient b, (s,y) is related to a,(s,y) of (5.26]) since

1/2+SC(

E =y25C, x4 (0 . (5.28
s(s,2) =y (%)Xl( )+ In(1+ 25 x1%2) DZ(); |Cz+d|1+23 ( )

Explicitly, for Re(s) > 1/2 we have

(5,4) = Y20 X (0) + y 2 HCG Ly (1+ 28, xaX3) " bo(s,y)  if m =0,
y1/2+sc(i,,)LN(1 +287X1E)71bm(33y) it m 7& 0.

We now compute the coefficients b,, (s,y). We have

bin(s,y) = Z Z/ >|<clz(—|— z;l(lzfgj e(—ma)dx

X5(d + ct)
_Z Z /Zcz+d—|2-ct|1+23 e(=ma)dz.

¢>0deZ/cZ teZ
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As before, the integrand is nonzero only if M|c, and under this assumption
X5(d + ct) = x5(d) by (E24]). Therefore the above is

(d)
,Z Z /Oo |cz—|—d|1+25 e(—mz)dx

c¢>0deZ/cZ

X (57) Laezez Xo(d) [ e(—mx)
- Xl / /

~ clt2s - |z + %|1+2s

_ Z mzda/cz Xa(d) /°° e(—m(z — 4))

cl+2s o (IE2 +y2)1/2+s

dx

xiGi) fodm ) [ e(-ma
= Z Xcl(+1\2/18)< z/: X2(d)e(0)>/ de. (5.29)
ce MZ+ deZ/cZ —0o0

Now apply the well-known formula:

27r1/2+s Slm,
WIS g (2mfmlyl) om0,

/°° e(—max) dp — I3 +5)
oo (@2 Hy?)L/2Es vy~ *°T(s) m=0
(17 5)

([Bul, p. 67). By (&24), the character sum S in parentheses in (5.29) satisfies

5= 3 - me™) = 3 @Y _ (M5 (5.30)

C
deZ/cZ d€Z/cZ

Hence if e(™M) 2 1 (or equivalently ¢ f mM), then S = 0. Therefore if

Re(s) > 1/2, the Fourier coefficient is given by
27T1/2+sy—s|m|s
WUS(XL Xo,m) K (2m|mly) m # 0,

b (s,y) =

vy BT(s)
1 0s(X1,X2,0 =0,
F(% +S) g (Xl X2 ) m

for the sum (see also §5.8)

X1(37) dm
re‘JLIZM+ d€Z/cZ




In the second sum, each summand is defined for d mod MZ, since M is a

modulus for 5 and e((d+1vjf\/£)m) e(4m) since cjm. Thus

1 x4 (c) dm
O's(X/laXIQam) = M1+2s Z 0125 Z Xé(d) e(m) (532)
c|lm deZ/MZ

We emphasize that even though m < 0 is allowed, the sum is extended only over
the positive divisors ¢ of m. When m # 0, the sum is finite. However, when
m = 0, the sum is extended over all ¢ € ZT, and only converges absolutely for
Re(s) > 1/2. Indeed we have the following.

Proposition 5.15. When m =0,

0D Iy, (2s,w) if x2 is trivial,

g /7 /’0 = M1+2S
SO x2,0) = Qg otherwise,

where @ is the Euler p-function.

Proof. By (5.32]),

1 X
(X17X270) M1+2s 0123 Z Xl2(d)
c=1 deZ/MZ

The sum over d vanishes unless x4, is the principal character modulo M. Indeed,

M . . . .
D xbpd) = > xh(d) = {SO(M ) if X3 is principal
d=1

de(Z/MZ)* 0 otherwise.
Therefore if x4 is principal (in which case x2 is trivial by (Z8]) with N in place
of N), we find

(M) —
US(X/17X/270) = W‘L(Zga X/l)

Applying (2.I0), the proposition follows since x; = w in this case. O

5.7 Meromorphic continuation

To summarize the previous section, for the scaled basis element

¢ = ﬁ'p)qﬁ(ip) € H(x1, x2) =KV,

we have, for Re(s) > 1/2,

YL/ 2s 1/24 Xl M )x2(d)
Ey(s,2) =y "X (0) + 4"/ SZ Z |cz + d|1+2s
c>0 (d,c)=1

_ M)\/7T(s) Ly, (2s,w)
— /257 (0 1/2-s5 o( 1145, 533
v ) +y 0k M2 (L s) Ly (1 + 25,w) (5:33)
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2y1/27r1/2+s

Jr
F(% + )Ly (1428, x1%2)

D ImlPos(xhs Xam) Ky (2 |mly)e(ma).  (5.34)
m##0

Here d,, € {0,1} is nonzero if and only if x5 is the trivial character.

Theorem 5.16. The Fourier expansion (5.33)-(34) defines a meromorphic
function on C which continues Eg(s,z). It is holomorphic in the half-plane
Re(s) > 0, except possibly for a simple pole at s = 1/2 which occurs precisely
when x1 and x2 are both trivial. In the event of a pole, its residue is

3p(M) H (1—p_2)_1 H (l—l—p_l)_l

M2
p|N p|N
ip=Np ip<Np

for the Euler o-function.

Proof. From the meromorphic continuation of Dirichlet L-functions, we see that
the constant term (B533)) is meromorphic. Since w’(—1) = 1, the completed L-
function of w has the form

A(2s,w) =7 °T'(s)L(2s,w)

and is entire unless w = triv is the trivial character, in which case it has simple
poles at s =0, 3 ([Bu] Theorem 1.1.1). Therefore

D()Ly, (25,0) = 7*A@s,0) ] (1 - wp(p)p2)
s
is entire unless w = triv, in which case it has a simple pole at s = 1/2 and
possibly (if N; = 1) a simple pole at s = 0. This possible pole at s = 0
is cancelled by the simple pole of Ly (1 4 2s,triv) at s = 0 occurring in the
denominator when w is trivial. Recall also that in general I'( + )Ly (1+2s, w)
is nonzero when Re(s) > 0. This shows that (B33)) has the desired properties,
as does the first factor of (5.34).
It remains to consider the sum in (£.34). From ([&32), for m # 0 we have

1 1 1 1
ro —
|03(X1’X2’m)| < M1+2Re(s) Z c2Re(s) ( Z 1) - M2Re(s) Z c2Re(s)”
clm d€Z/MZ clm

When Re(s) > 0, this is
< M72RG)r(m) < |mlF,
while if Re(s) <0 it is

< (|m|M)72 Re(S)T(m) < |m|2\Re(s)|+5.
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Here as usual 7(d) denotes the number of positive divisors of d, and is well
known to be < |d|°. Furthermore, the Bessel function decays exponentially. In
fact, for real z > 1 + |s|?,

K,(x) = \/Ze_”’(l L0 ("*'2;1))

for an absolute implied constant ([Wa)], p. 219, [[w2], p. 204). Now suppose s
and y are restricted to fixed compact subsets of C and R respectively. Then
by the above, there exists a constant C, depending only on the two compact
sets, such that |K,(27|m|y)| < Ce=27I"™¥ for all m. It follows that the sum in
(B34) converges uniformly on compact sets, so the sum is entire.
In the event of a pole at s = 1/2, the singular part of the Eisenstein series
is the term ‘ o
/2 o(M) A(2s, triv) leNl(l —p2) -
MH25 A1+ 2, triv) [T, 5 (1 —p~172%)

The formula for the residue follows since A(2s,triv) has residue 3 at s = 1/2,
while in the denominator A(2,triv) = 71¢(2) = Z. O

5.8 Character sums

In order to prove Theorem [[0.2] we will need good bounds for the Fourier
coefficients of normalized Eisenstein series. For this purpose we now examine
more closely the character sums occurring there.

Let x be a Dirichlet character mod M of conductor ¢, |M. For a prime p|M,
we define a Dirichlet character x, modulo pMe by

0 if p|d
d) = 5.35
Xp(d) {X(x) if ptd, where 2 = d mod pM»,x =1 mod ¢M« (q # p). ( )

The value x,(d) is independent of both the choice of # and the choice of modulus
M € ¢, Z* NpZ. With the above definition, we have y = HP‘M Xp- If we take
Xp = 1 to be the constant function 1 on Z when p { M, then the product can
be extended over all primes p.

We review some well-known facts about Gauss sums. For x as above, define

Gylm)= Y x(de(57).

d€Z/MZ
Assuming that either (m, M) =1 or x is primitive, we have
Gyx(m) = 7(x)x(m), (5.36)

where 7(x) = Gy (1) ([K], §3.4). In general, suppose x" is the primitive char-
acter inducing x, and write M = fc,. Then ([Mi], Lemma 3.1.3)

Gy(m) =7(x") Y apt/a)x’(¢/a)x*(m/a) (5.37)

a|(£,m)
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for the Mobius function

1 ifn=1
w(n) =4 (=1)" if n=py---p, for distinct primes py, ..., p.,
0 if n has a square factor > 1.

It is well-known that

Ir(O) = /. (5.38)
Therefore (B.37) gives
|Gy (m)| < /% (|m)), (5.39)

where, for k > 0, (k) = Zd\k,d>0 d.

Proposition 5.17. Let myi, ms be nonzero integers. Then

||¢(ip)||72 Uit(XllvXévml)ait(x/lax/mm2) :O(Na)v

where the implied constant depends only on m1, me and €.

Proof. Write m = my or my. From (&.32]),

1 xi(c)
Us(XllaXIQam) = M1+2s 0125 GX'Q(’ITL/C),

c|lm
where M = [[ p’». Applying (5.39), this gives
1/2 1/2

o) < 22 S o(e) < Sr(lmlo(ml).  (5.40)

c|lm

By (22), we have
1 - P . 1
bl =2 = H(1+5) H plp(lJfﬁ) H pr(l+ ).

p

p|N p|N p|N
ip=0 0<ip<Np ip=Np
Therefore 5
pIN

Together, these bounds give

loie (X1, X5, m)| C>1</22M1/2 2 i
< r(Im[)o(jm|) JJ(1 + —)"
906, i 110+ 5=
<. T(|m|)0(|m|)N‘E/2. (5.42)
The proposition follows. O
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6 The kernel of R(f)

In this section we give the spectral formula for the kernel function of R(f). We
refer to [Ard], [GJ] and [Kn| for further discussion and theoretical background.
Our purpose is to show that these spectral terms converge absolutely in a strong
sense (Theorems and [6.TT]). This provides the justification for their use in
the relative trace formula. Our treatment is based on the methods of Arthur
[Axr1], [Ar2], especially Lemma 4.4 of [Ar2]. His result holds for any connected
reductive algebraic group over Q. In the setting of GL(2) it gives e.g. that for
an orthonormal basis {¢} C H(0) (cf. 1)),

(o]
/.
We give a detailed discussion here partly to avoid referring the reader to a paper
on general groups just for a result about GL(2), but also because we need to

show that the absolute values can be brought inside the sum, at least for the
class of functions f considered in this paper.

N E(mie( f)dit, ©) B, )| dt < .
[}

6.1 The spectral decomposition

The right regular representation of G(A) on L?*(w) decomposes in terms of
cuspidal representations on GL(m) for m < 2. The continuous part of L?(w) is
indexed by certain cuspidal representations of GL(1), i.e. Hecke characters, and
the discrete part consists of irreducible cuspidal representations and, in some
situations, one-dimensional representations.

Suppose Y is a Hecke character satisfying x? = w. Then defining

dx(9) = x(det(g)) (g € G(A)),

we see that ¢, is square integrable modulo Z(A), with

l¢x|* = meas(G(Q)\G(A)) = /3.

Note that ¢, (zg9) = w(2)¢y(g) for all z € Z(A). Therefore ¢, spans a one-
dimensional subrepresentation of L?(w), which we denote by C,. Conversely,
any one-dimensional subrepresentation of L?(w) arises in this way from a char-
acter satisfying x? = w.

Proposition 6.1. The spaces C,, are mutually orthogonal, and also orthogonal
to L3(w).

Proof. Suppose V is a unitary representation of a group G. Then for any closed
G-stable subspace S, the action of G preserves the decomposition V = S & S+.
If W is any other closed G-stable subspace of V, then it is easy to show that
W=WnS)® (WnS+t). In particular if W is one-dimensional, then W C S
or W C S+, Applying this with S = Cy, and W = C,, shows the first claim,
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and taking S = L2(w) gives the second. Note that ¢y is not cuspidal because
its constant term is

/ bx (ng)dn = by (g) # 0. O
N(Q)\N(A)

We denote by L2 (w) the Hilbert direct sum

res
Lfes(w) = @ CX'

X*=w

(These characters arise from the residues of certain Eisenstein series at s = 1/2).
If L2 (w) is nonzero, then it is infinite dimensional. To see this, note that if

there exists y with x? = w, then L2 (w) = @D, 2=1 Cxy- There are infinitely
many quadratic Hecke characters 7.
The direct sum
def
Liise(w) = L(w) & Lios(w)

disc

is the discrete part of the spectrum of L?(w). We next describe its orthogonal
complement L2 (w). For s € C define

H(S) = @ H(Xlax27s)7 (61)

X1X2=w

where H(x1, X2, s) is defined in §51] and this Hilbert space direct sum is taken
over all ordered pairs of finite order Hecke characters whose product is w.

Remark: Define a character (w,s) of B’ = Z(A)N(A)M(Q)M(R™) by

(w,9): (F2)(67) = w2

The right regular representation 74 of G(A) on H(s) is equivalent to the induced

representation Indg,(A) (w, s). This latter viewpoint is the one taken in [GJ]. To
see the equivalence, note by transitivity of induction that

Indg,(A) (w,s) = Indggig Indg,(A) (w, s). (6.2)
By restriction, Indg,(A) (w,s) can be identified with Ind%(ﬁ))ﬂ/[(q)M(Rﬂ(w,s).

The quotient (Z(A)M(Q)M(R™))\M(A) is compact, so by the Peter-Weyl
theorem, the functions (x1,x2,s) = Xl(a)xg(d)\%”% with x1x2 = w form
a basis for the induced space. Thus the right-hand side of (62) is equal to

Indggﬁ; D(x1,x2,8) = H(s).

Let -
H:/ H(it)dt
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be the direct integral. This Hilbert space consists of all functions

A:iR— U H (it) (disjoint union)
teR

(identifying functions that are equal a.e.) satisfying:
o A(it) € H(it) for all ¢,
e the composition iR —, \J H(it) — H(0), obtained by identifying H (it)
with H(0) as in §5.1] is measurable,

e 1 e .
. HAH“:f;/ |AGit)|2dt < oo.

— 00

The associated inner product is given by

(A,B) =1 / T AG), Bit)) dt. (6.3)

T™J-—

Define an action of G(A) on H by
(gA)(it) = mit(g) A(it).

This representation is unitary since each ;; is unitary:

1 [ .
oAl =~ [ Imul)An)|*de = 4],

By 84 of [GJ], there is a G(A)-equivariant Hilbert space isomorphisni]
M(it) : H(it) — H(—it).
Thus the subspace
L={A¢e€ H|A(—it) = M(it)A(it) for all t € R} (6.4)

is stable under the action of G(A). It is this representation which is isomorphic
to Lgont (w):

Theorem 6.2. Consider the orthogonal decomposition

L2<UJ) = L(Qiisc(w) ® L2 (w)

cont

There is a G(A)-equivariant isomorphism of Hilbert spaces

S L?ont(w) — ‘Ca

3By an isomorphism of Hilbert spaces, we mean a bijective linear isometry.
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which we extend to the full space L?(w) by taking S =0 on L3 (w), character-
ized by the property that for any ¢ € L?(w) and ¢ € H(0),

Sviit 0 =5 BG N =5 [ w@FGEgdy (65

for almost all t. The following Parseval identity holds for 1,n € L*(w):

(,m) =Z<%¢>W+% D (W) (n6y)

"2 x2=w

) I S I T

Here, ¢ (resp. ¢) runs through an orthonormal basis for L3(w) (resp. H(0)).

Remarks: The fact that S is an intertwining operator can be seen from (G.3).
Indeed, for any ¢ € H(0),

(R(9)%, B(6a,1)) = 5 (6 Rg™) B9, )

N

(SR(g)y(it), i) =

= % <1/},E(7Tit(971)¢it» )> = <51/1,7Tit(971)¢it> = (mit(g)S(it), pit)

as claimed. Passing to the second line, we used R(g)E(¢s,2) = E(ms(9)ds,x),
which is clear when Re(s) > 1/2 and holds for Re(s) = 0 by analytic continua-
tion. In a similar fashion, we can derive the useful identity

(0, E(mit(f)it, ) = (B(F)*, E(dit, -)) (6.7)
for ¢ € L*(w) and f € L' ().

Proof. See §4 of [GJ] for an explicit construction of S. The identity ([G.H) is
their (5.16). We just explain how to derive the Parseval identity from their
discussion. Let Pjisc (resp. Peont) be the orthogonal projection of L?(w) onto
L3 . (w) (resp. L2, (w)). Then

cont

<¢a 77> = <Pdisc1/]7 Pdisc’r]) + <Pcont¢a Pcont77> .

We apply the usual Parseval identity in Lgisc (w) to obtain the discrete part of

([68). For the continuous part, by (63]) we have

oo

<Pcont'¢)aPcont77> = <S,(/)? S77> = %/ <S¢<Zt)> 577<Zt)> dt

—0o0

- %/jc} Z<Sw(it)’¢it>mdt.
R
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Here ¢ runs through an orthonormal basis for H(0), and we have applied Par-
seval’s identity in H(it). We pull the sum out (justification given below) and

apply ([6.5) to get

(Peont?), Peontn) = i Z/OO (i, B(¢,it,-)) (n, E(¢,it,-)) dt, (6.8)
¢ — 00

which gives ([6.8). To justify pulling out the sum, we need to show convergence
of

| S s, o) S ol dr
2

Applying Cauchy-Schwarz to the sum, the above is

’ @

o0
—0o0

= /°° Sy (it)|| ||Sn(it)|| dt  (Parseval’s)

—0o0

o] 1/2 0o 1/2
< {/ ||S1Z)(it)2dt] [/ Sn(it)||2dt} < oo (Cauchy-Schwarz). O

— 00 — 00

6.2 Kernel functions

Suppose X is a Radon measure space, and T is a bounded linear operator on
L?(X). We say that a measurable function K(z,y) on X x X is a kernel
function for T if T' = Tk, where

Ticp(z) & /X K (,) () dy.

If the equality T = Tk is only known to hold for all 1) which are bounded and
of compact support, then we say that K (x,y) is a weak kernel for T. We shall
repeatedly use the fact that K is a weak kernel for T if and only if (T 1)1, 19) =
(T, h9) for all 11,19 which are bounded and compactly supported.

Lemma 6.3. If K(x,y) and K'(z,y) are weak kernel functions for T, then
K(z,y) = K'(z,y) for almost all (z,y) € X x X.

Proof. This is straightforward; see the proof of Proposition 15.1 of [KL2]. O

Given an operator T' on a Hilbert space, its Hilbert-Schmidt norm is

defined by
T s =D I Tesl)?,

where {e;} is an orthonormal basis for the space. If the norm is finite, then it
is independent of the choice of basis, and we say that T is a Hilbert-Schmidt
operator. It is well-known that an operator T on L?(X) is Hilbert-Schmidt
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if and only if it has a square integrable kernel K(z,y) € L*(X x X) (|RS],
Theorem VI1.23). In this situation, if we let {¢} and {¢} be orthonormal bases
for L?(X), then {1 ® ¢} is an orthonormal basis for L?(X x X) (|JRS], p. 51)
and for almost all (z,y) we have

K(oy) = Y (K, v @ 8) v(@)a(y) = 3 (3 (T, 4) () o)

b, ¢
=Y Té(x)6(y)- (6.9)
©
For an integer m > 0, let C™(G(A),w) denote the space of factorizable
functions f = fu Hp fp on G(A) with the following properties:

e f has compact support mod Z(A)
e f transforms under Z(A) by @
o fo is m-times continuously differentiable on G(R)

e Each f, is locally constant, and for almost all p, f, is the function sup-
ported on Z(Q,)K, defined by f,(zk) = wp(2).

Theorem 6.4. Suppose m > 3. Then for any f € C"(G(A),w), the opera-
tor Ro(f) on L3(w) is Hilbert-Schmidt. When fo is bi-Ky -invariant, m > 2
suffices.

Proof. In the case of interest to us here, where fo, is bi-K-invariant, we will
prove that m > 2 suffices in Corollary later on, as a consequence of a more
general result where we allow f., to have noncompact support. For the general
case of f € C(G(A),w), see Theorem 2.1 of [GJ| for a sketch over the adeles,
and [Bu] or §3 of [Kn| for proofs over G(R)*. As can be seen from the proof in
[Kn], m = 3 suffices. O

Let f € L'(w). Then for all ¢ € L?*(w), we have

G(A) G(A)

R(f)i(x) = / F)b(ay)dy = / Yy (y)dy

- /, K@y

G(Q\G(A)

for the kernel function

K(z,y) = Kf(z,y) = > fla ') (6.10)
vEG(Q)

If f is continuous and compactly supported modulo the center, then because
G(Q) is a discrete subset of G(A), the sum is locally finite, so K(z,y) is a
continuous function on G(A) x G(A).
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The expression (GI0) is the geometric form of the kernel. When f €
C™(G(A),w) for m sufficiently large (we will prove in Corollary [6.12 that m = 8
suffices), the kernel also has a spectral expansion of the following form, valid
almost everywhere in G(A) x G(A):

K(Z, y) = Kcont(xa y) + Kcusp(xa y) + Krcs(xa y) (6]—1)

Here

1 o —_—
Keons(:9) = 3= 3 [ E(mu(7)éu 0BG, g)d
¢ — 00
for an orthonormal basis {¢} for H(0),

Keusp(7,y) ZR (6.12)

as in ([63) for an orthonormal basis {¢} for L3(w), and

Kyes(2,y) ZR o (y)

2 Z (det ) x(det y) /G o~ f(g)x(det g)dg

x2=w

= {i faA) flg)dg if wis trivial, (6.13)

0 otherwise.

To see (GI3), notice that in the integral on the previous line, if we replace g
by gk for k € K1(N), a factor of x(det k) comes out. So the integral vanishes
unless x is trivial on Z*. Since x has finite order, this is possible only if x is
trivial (since Q has class number 1), which means that w = x? is also trivial.

If f= foof™is a weight 0 Hecke operator as in ([£23]), then using (16 and
[ET6), [EI3) becomes

3 . 3 1 _3 1
7T/G(R) fOO(g)dg/M1(n,N)f (m)dm (3 HZPJ () Zd (6.14)

pln 7=0 d|n

for the Selberg transform A of f...

For such a Hecke operator, we will derive (GI1]) from the spectral decompo-
sition in Theorem using a nice choice of basis, and show that for this choice
it is in fact valid for all (x,y). This is a special case of a result of Arthur ([Ar2]
84, culminating on p. 935). We need this fact because our principal objective
is to derive a relative trace formula by integrating K (x,y) over

(z,y) € (N(Q)\N(A))?,

a space which has measure zero in (G(Q)\G(A))?, so an almost-everywhere
spectral expression for K (x,y) is not adequate.
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6.3 A spectral lower bound for Kj.;-(z, )

In this section we will take f = h * h* for a suitable function h, and give
a spectral lower bound for Kf(z,z) in Proposition We begin with the
following lemma.

Lemma 6.5 ([GGK], Lemma 5.2.1). Let X be a Radon measure space, and let
T be an operator on L*(X). Suppose there is a continuous weak kernel function
K(x,y) for T. Suppose further that for all bounded compactly supported 1),

(T, ¢) 2 0.
Then K(x,z) >0 for allz € X.

Proof. Suppose for some = that Re K(z,z) < 0. By continuity there exists a
compact neighborhood U C X of x such that Re K(a,b) < 0 for all (a,b) €
U x U. Let 9 be the characteristic function of U. Then

0< (Tq[;,q/z):/XTz/)(a)Wda:/U/UK(a,b)dbda.

The right-hand side has negative real part, which is a contradiction. Therefore
Re K(x,z) > 0. By a similar argument, we find also that Im K(xz,2) =0. O

Proposition 6.6. Let h € CT'(G(A),w) be a bi-Koo x K1(N)-invariant func-
tion for m > 2. Choose orthonormal bases {¢} and {¢} for L3 . (w) and
H(0)KoexEKa(N) pespectively, consisting of continuous functions. Then for all

r € G(A),
> IR (@) + ﬁ Z/m |E(mit ()i, x)[dt < Kpup=(z,2).  (6.15)
® o U7

Here Kpaps(x,y) is the geometric kernel defined in (610).

Remark: The set {¢} can be extended to an orthonormal basis for all of H(0)
in (6I5). Indeed, because h is K, x K1(N)-invariant, by Lemma 310 7+ (h) st
vanishes when ¢ belongs to the orthogonal complement of the finite dimensional
subspace
H(O)K‘X’XKl(N) — @ H(XI,XZ)KOQXKl(N)~
X1Xx2=w
ex1 exz IV
We will prove the proposition in stages. It is an application of Lemma [6.5]
but complicated by the fact that we do not know a priori that the left-hand side
of ([GIH) is continuous. Thus we will approximate it by a partial sum, defined
as follows. Fix an orthonormal subset Q C L%, (w), and let J be a symmetric
compact subset of R. To these we attach the following function

K/(Z, y) = K(Iiisc(xay) + Kéont(xay)7 (616)
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where

Kige(z,y) = Y R(h)p(z)R(h)p(y)

PEQ
and

1 -
Kéont(xay) = E ;/JE(’/Tlt(h)qsztax)E(ﬂ—lt(h)d)ltay)dt

Here ¢ runs through an orthonormal basis for H (0)%e>*K1(N),

Lemma 6.7. There exists a bounded linear operator T.... on L*(w) for which
K! .. is a weak kernel: for all bounded v € L*(w) with compact support modulo

Z(A)C(Q).
T!, () = / Kl y)()dy (6.17)

G(Q\G(A)

for almost all x. The analogous statement for K. also holds.

isc

Proof. For any measurable symmetric subset J C R, define
Ly - / H(it)dt N L,
J

where £ was defined in ([6.4]). Here we regard each element of the direct integral
as a function on all of R, taking the value 0 at points outside J. It is easy to see
that L£; is a closed G(A)-invariant subspace of £, and we have the orthogonal
decomposition

L=L;®Lr_y.

We denote the analogous decomposition in L2 (w) = £ by

Lgont(w) = LJ 2] LR—J~

Define a G(A)-equivariant map Sy : L?(w) — L by

) Sy ity el; . ) S(it) forae teJ
Srb= {o fye Ly, o Swis {o for ae. t ¢ J.

Its restriction to L is an isomorphism of Hilbert spaces. The map
P;=(S))* 8,

is the orthogonal projection of L?(w) onto Ly, so S; = S o Py.

Now let J be the given compact set. Define T/ . = Py R(h * h*) P;. It is
a bounded operator because || T/l < [|[R(h* h*)|| < [[h* h*||p2 (cf. [KL2], p.
140). For bounded compactly supported 91,19 € L?(w),

<Téontw1a 1/)2> = <PJR(h * h*)PJ’(/)1>1/}2> = <R(h*)PJ¢17 R(h*)PJ¢2>

= (PyR(h* )1, PyR(P)h2) = (SPyR(h" )1, SPrR(R")12)
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= (SR ), Sy RO = < [ (SR (i) SRO)a(it)

= l/ (it (h*) Sy (it), mir () S1pa(it)) dit
™)

= %/JZ (Stp1(it), mir(h)dir) (Stpa(it), mir (h)diy) dt
¢

= %/JZ (1, E(mis(R)it, -)) (2, E(mis(R) by, -)) dt (6.18)
[

= [ | [ {52 e o Emahon vt { on(w)dy| T
P J

G(Q\G(A) LG(QN\G(A)

The interchange of the sum and integrals is justified by Fubini’s theorem, since
the Eisenstein series are continuous, J is compact, the sum over ¢ is finite,
and since 11,19 are bounded with compact support modulo Z(A)G(Q). This
proves ([G.I7).

For K’ qise> the statement is much easier because K Jise (T, y) is square inte-
grable over (G(Q)\G(A))?, so for almost all z the expression [ K} (z,y)¢(y)dy
is meaningful for all+ € L?(w), and serves to define T, ¥ (x). To see the square

disc

integrability, note that by the Cauchy-Schwarz inequality,

[ Kaise(@,9)P < (Y [R(Me(@)P)(D_ I1R(We(y)]?)

peER peQ
Therefore
I KgewPdedy < (3 IRMEAP(Y [RMI?)
(G(QN\G(A)) PEQ o)

which is finite since R(h) is a Hilbert-Schmidt operator on L3, .(w) by Theorem
6.4 (On L2, (w) it actually has finite rank as shown in (6.13).) O

Proposition 6.8. Let T' = T}, + Tl with notation as in the above lemma.

Suppose that the orthonormal set Q C L3, . (w) is finite, and that J C R is
compact and symmetric. Then

(T, 4) < (R(h* h* ), )
for all bounded v € L?(w) of compact support modulo Z(A)G(Q).

Proof. Extend @ to an orthonormal basis Q of L2 (w). We have

Ty = [ (3 RO FE @)y ) S

G@\aa) G@\ama) PEC
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The sum can be pulled out because of the conditions placed on v and since @
is finite. So the above is

=Y [BWe ) P <Y HRMe, ) 1P =D [ {e, R(W)"¢) I

vEQ 0eQ 0eQ

= <PdiscR(h>*¢a PdiscR<h)*w> = <PdiscR(h * h*)i/% '(/)> .

Passing to the last line, we applied Parseval’s identity (6.6]), while the last
equality follows easily by the fact that R(h) commutes with the orthogonal
projection Pjgisc-

Likewise, by (G.I8]),
(T onth, ) = Zj|w (mia (), )) [Pt

— 00

sjg/m B ()i, ) [t = Z/ )", B, ) Pl

= < contR( ) ¢; contR( ) 1/)> = < contR(h* h*)¢7w>
Again we used Parseval’s identity (6.8) in passing to the last line. We have also

used (6.7]). O

Proof of Proposition[6.6. Let Q be a finite subset of the given orthonormal basis
{¢} of L3,,.(w), and let J be a symmetric compact subset of R. Let K’(z,y) be
the associated partial kernel function as above, and set f = hxh*. Then K'(z,y)
is continuous since all ¢ and ¢ are continuous by hypothesis. On the other hand,
we saw in (@I0) that K;(x,y) is also continuous. By the above proposition,
((R(f) — T")b,9) > 0 for all bounded 1 € L*(w) of compact support modulo
the center. Hence by Lemma 6.5 K¢(z,2) — K'(z,z) > 0 for all z € G(A). It
follows that

sup K'(z,x) < K¢(x,z).

Q,J

The proposition now follows, since the supremum is precisely the left-hand side
of ([6.15). O
6.4 The spectral form of the kernel of R(f)

The following lemma, which follows from a result of Duflo and Labesse, will
enable us to reduce to the special situation f = h * h* discussed above.

Lemma 6.9. Let r > 1, and suppose f € C4"(G(A),w) is bi-invariant under
Koo x K1(N). Then there exist functions hy, ha, k1, ks € C*"=2(G(A),w) which
are also bi-invariant under K, x K1(N) such that

f:hl*h2+k1*k2.
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Proof. Write K’ = Ko x K1(N). In this proof only, we normalize so that
meas(K’) = 1. A function a(g) on G(A) is said to be K'-central if a(kg) = a(gk)
for all k € K'. For any function a(g) we define

ilg) = | alkg)ak.

Obviously a is left K’-invariant. If a is K'-central, then a(g) is also right K’-
invariant.
Define an action of ggr = Lie(G(R)) on the smooth functions by

X flg) = f(exp(—tX)g)- (6.19)

dt

This extends naturally to an action of the universal enveloping algebra U(gc).
By [DL] (I.1.11), there exist K’-central functions a € C?"~%(G(A),w), b €
C*(G(A),w), and a differential operator D € U(gc) of order 2, such that

f:a*(D’"'H*f)—i—b*f.

Let ¢ = D™t % f. Because f is C*", ¢ is C*¥~(27+2) = 0?72 Tt follows from
(EI9) that c is right K’-invariant. By the left K'-invariance of f,

f)= [ f(ko) dk;_/ / g k) dgdk+/ /b g~ tkx)dg dk
K/ ’ ’

- L / a(kg)e(g™x)dk dg+ L b(kg) f(g™ ) dk dg = (axc) () + (b ) ().
G ’ G JK'

Because a is bi-K'-invariant, it is easy to verify that @* c = @ ¢. Therefore we
can take hy = a, ho =¢, ky = b and ky = f. O

Theorem 6.10. Let f = foo f®, where foo € CT(G(R)T//Ko) for m > 8. Let

Fa be an orthonormal basis for LE(w)X<*K1(N) " chosen as in Proposition 3
Then both

S R(Pe@ely) and S [R(Fe)o()

pEFaA peEFA

are bounded on any compact subset of G(A) x G(A) and continuous in x and y
separately.

Proof. Tt suffices to prove the assertion for the expression with the absolute
values. Because m > 8, by Lemma [6.9 there exist hy, ho, k1, ke € C%(G(A),®)
such that f = hy*xho+kyxko. By linearity and the triangle inequality, it suffices
to prove the theorem for f = hy * ho.

By Proposition 8] for ¢ € Fa we can write

R(f)e =Xp, R(h1)p = A1, R(ha)p = Azp.
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Note that ¢ is also an eigenvector of R(h%). The eigenvalue is \; since

(R(h})e, ©) = (@, R(h1)p) = A1 (0, ¢) .

Furthermore, A = A1 \2 since

A, ) = (R(f)e, ) = (R(h2)p, R(hT)@) = Mz () -
This implies that

R(f)e(x)p(y) = MAap(x)p(y) = R(h)p(x)R(h3)e(y).
By Cauchy-Schwarz, for any subset S of Fa,

Y IR(Ne(@)e)] = D [R(h)e(2)R(h3)e(y)]

pES pES

< (X 1re@) " (2 IReeP) (6.20)

p€ES pES
< Kpywny (7, $)1/2Kh;*h2 (y, )"/

The last inequality holds by Proposition Because the two kernels are con-
tinuous, the above is bounded on any compact set.

Now we show that , |R(f)¢(z)e(y)| is continuous in y for fixed z. Let U
be any compact subset of G(A). Fix z € G(A). It suffices to show that the
series converges uniformly as a function of y € U. Let C be an upper bound for
Khsans (y,y)*/? on U. Fix £ > 0. We know that >0 |R(h1)p(z)|? < oo. Hence
for any ordering @1, ¢a,... of {¢}, there exists N > 0 such that

> 1) en@) < S5

n>N

Therefore by (@20,

> (el < (X IRe @) <

n>N n>N

Hence the series converges uniformly for y € U, as needed. Similarly for fixed
Yy, the sum is continuous in x. O

Theorem 6.11. Let f = foo f™ be as in the previous theorem. Then both
1 e —_—
Keom(t,9) = .= > [ B(ma(f)di, 2) B (i, y)dt (6:21)
¢ — 00

and

23 [ 1B )6 VG i 6.2
¢ — 00

are bounded on any compact subset of G(A) x G(A) and continuous in x and y
separately. Here ¢ runs through an orthonormal basis for H(0)Ke*K1(N),
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Proof. The proof is similar to that of the previous theorem. We can assume
f=hixhy. Forj>1,let R; =[—j,—j+1]U[j — 1,7], and define

.’I} y 2471_/ 7T7,t ¢zt7x>E(¢itay) dt

It is a continuous function of z and y. Note that ([6.22)) is equal to >, G;(z,y).
It suffices to show that for fixed x this series converges uniformly for y in a
compact set. Write

it (h1) dir = )\f(t)@t, mit(ho)pir = )\g(t)@t-
For any set S of natural numbers, >, ¢ G;(z,y) is

<33 / X OB it /R N (OB ity Par)

jes ¢ R;
< (F XX [ wopeiora) (E XS [ pgopeira)”
— \4rm X R. ’ )

JjeS ¢ J JGS ¢
< Khyshs (xvx)1/2Kh;*h2(yay)1/2
by Proposition The proof now proceeds as before. 0

Now we derive the spectral formula for the kernel K (z,y) of R(f). Because

R(f) R(f)PdISC + R(f) cont

it suffices to give kernel functions for each of the operators on the right-hand
side. The operator R(f)Pgisc is Hilbert-Schmidt, so its kernel is given by

Kaise(w,y) = > R(f)Paisep(z)(y).

{¢}CL2(w)
on.b.

Because R(f)Paisc annihilates all ¢ € L2, (w), the above is equal to the sum

Keusp(2,y) + Kres(x,y) as in ([612) and (G.13).

For R(f)P.ont, suppose t1,%s € L?*(w) are bounded and compactly sup-
ported modulo Z(A)G(Q). Then

<R(f)Pcontw17 1/12> - <Pcont7;[}17 PcontR(f*)w2> (623)

= % > /Oo (W1, E(it, ) (E(Sit, ), R(f*)2) dt
¢ — 00
1 oo -
=N s Tit ity T ity Y 1(y)dy | Ya(x)dx
/ / - E / E(mi(f)Pit, 1) E(@ir, y)dt 1 (y)dy | v2(x)d
p U
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We used Parseval’s identity (6.8]) when passing to the second line, and (6.1
when passing to the third line. The convergence is absolute by Theorem
and the conditions on 1,19, so the rearrangement of the sum and integrals
is justified. It follows that the expression in the braces, which coincides with
(6210, is a weak kernel function for R(f)Peont-

Corollary 6.12. Suppose foo € CT'(G(R)"//Ko) for m > 8, and let f =
foof™ Then for all z,y € G(A),

K(IE, y) = Kcusp(xv y) + Kres(xa y) + Kcont($, y)7

where we choose bases as in Theorems [6.10 and [6.11. Fach function on the
right is separately continuous in each variable.

Proof. Denote the right-hand side by ¥(z,y). As we have just shown, ¥ is
a weak kernel function for R(f). By Lemma we conclude that K (z,y) =
U(z,y) almost everywhere in G(A)xG(A). We know that K (z,y) is continuous.
By the above theorems, ¥(z,y) is continuous in z and y separately. By Lemma
below, it follows that ¥(x,y) = K(z,y) for all x and y. O

Lemma 6.13. Let X and Y be two positive Borel measure spaces. Let D be
a measurable function on X XY such that D(x,y) = 0 almost everywhere and
D(z,y) is a continuous function of x and y separately. Then D(xz,y) = 0 for all
x and y.

Proof. Because [y [, |D(x,y)|dydz = 0, the set {z € X| [, |D(z,y)|dy > 0}
has measure zero. Let S C X denote its complement. For fixed 2’ € S,
D(2',y) = 0 for almost all y € Y. By the continuity of y — D(2’,y), D(2',y) =
0 for all y € Y. Therefore S x Y C {(x,y)|D(z,y) = 0}. This means that for
any y € Y, D(x,y) = 0 for all x € S, i.e. for almost all z € X. Now by the
continuity of  — D(z,y), it follows that D(z,y) = 0 for all x € X and all
yey. O
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7 A Fourier trace formula for GL(2)

For integers mi, mo,n > 0, we will compute a variant of the Kuznetsov/Brug-
geman trace formula, involving Fourier coefficients at mi,ms, the eigenvalues
of Ty, and Kloosterman sums.

Let f = foo X f®, with foo € C"(G"//K) for m > 8 to allow for use of
Corollary (though for the convergence of the cuspidal term in Proposition
[C5 we will take m > 12). For real numbers y1,y2 > 0 and K(z,y) as in (6.10),
consider the expression

1 -
I = il // K(nl(yl 1),n2(y2 1))0m1(n1)0m2(n2)dn1dn2, (71)
(N(Q)\N(A))?2
where

O0n((§7)) = Om(z) = 0(—ma)

for the standard character 6 defined by (ZX), and dn; is the Haar measure
of total volume 1. We will compute the relative trace formula obtained by
evaluating the above in two ways, using the geometric and spectral expressions
for the kernel. The result is a primitive Kuznetsov formula given as Theorem
The variables y1, i give us some extra flexibility. To obtain a more refined
formula, we will set

Y1M] = YoMmo = W (7.2)

in the primitive formula, and then integrate w from 0 to oo. The result is
Theorem [T.T4] which is a generalized Kuznetsov formula.

7.1 Convergence of the spectral side
According to Corollary [6.12]

K(xa y) = Kcusp(xa y) + Kcont(xa y) + Kres(-ry y)7

where each term on the right is separately continuous in each variable. Each
term is also bounded on the compact set (N(Q)\NN(A))? by Theorems [6.10] and
[E1T] and hence integrable there. Furthermore, the sums defining K¢, and
Keont can be pulled out of the double integral for the same reason.

The justification for integrating over w will be handled later.

7.2 Cuspidal contribution

Here we will compute the cuspidal term

! n > <y2 ) —_—
Icus = Kcus n ,n eml n 0m2 no)dnidns.
Y VY // » 1( 1) 1)) Omi (02)8m, (n2)dnidng

(N(Q)\N(A))?
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By Lemmal3I0, Ry(f) annihilates the orthogonal complement of L2 (w)Xe*K1(N),
Let Fa be the eigenbasis of LZ(w)Xe=>*X1(N) defined in Proposition &8 so that
for ¢ € Fa we have R(f)p(x) = vnh(t)\a(@)P(x). Then Keusp(x,y) equals

\/’ Z QDJ ‘PJ( \/’ Z u] ‘PuJ( )Wu]-(y)

2 2
oicTA 5 et ]

for F as in (@25). As explained in Section [T Ilabove, I, is absolutely conver-
gent, and by Fubini’s Theorem

Ty = | ST / oo (3 D) T e [ s (5 D))

\A Q\A

Lemma 7.1. Let u be a Maass cusp form with Fourier expansion as in (4.8]).
Then forr € Q and y € R*,

{ar(u)yl/zKit(QﬂHy) ifreZ—{0}

0 otherwise.

L o) -
Q\A

Proof. Using the fundamental domain [0,1] x Z for Q\A and ([@I), we have

1
/Q\A cpu((g f))@r(:c)dz :/0 u(x +zy)9m(rx)dx/29ﬁn(rx)d:c.

The second integral on the right vanishes unless r € Z, in which case it is equal
to 1. Assuming r € Z, this becomes fol u(x + iy)e 2™ *dx, and the assertion
then follows by substituting the Fourier expansion (8]) of w. O

Lemma 7.2. Let {u;} be an orthogonal basis for L3(N,w') consisting of cusp
forms. Let t; be the spectral parameter of w;. Then for any M > 0,

‘{j: |tj|§M}‘ < . (7.3)

Remark: Much more is known. According to Weyl’s Law (which in this context
follows from the Selberg trace formula),

vol(To (N

Gyl < M}‘ = N w24 o(NI20 og(N D)) (7.4)

(K] p. 391, [Seld] p. 668).

Proof. Let h(iz) € PW?*(C)®*®. By Proposition B.6] there exists a function
foo € C?(GT//K) whose Selberg transform is h(t). Let f' = fo x f!, where
f1is the Hecke operator on G(Ag,) withn = 1. By Proposition L8 the operator
Ro(f') is diagonalizable with eigenvalues h(t;). By Theorem [6.4] this operator
is Hilbert-Schmidt. Therefore
> It
J
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On the other hand, if (Z3) fails to hold, the set {t; : [t;| < M} has a limit
point P € C. Choosing h so that h(P) # 0 would then contradict the above
summability. It remains to show that such h exists. If P = 0, we can let i be
the Mellin transform of a nonzero element ® € C>°(R™1)™ that assumes only
nonnegative real values. Then h(0) = fooo @(y)d?y > 0, as needed. Now suppose
P #0. Let hy € PW(C)®*® be nonzero, with hi(Q) # 0, say. By continuity,
we may assume that @ # 0. Then we can take h(z) = hl(%z). O

Corollary 7.3. The set of exceptional spectral parameters t; ¢ R is finite.

Proof. If tJ is exceptional, then by Proposition €7, t; = —is for some real
s € (—5, 1). In particular, |t;| < 3, and the above lemma shows that the set of
such t; is finite. O

Lemma 7.4. With t; as in Lemma[7.3, we have
Z |h(t;)] < oo

for any function h(iz) € PW™(C)®*"™ with m > 10.

Remark: More is known. Using Weyl’s Law (74), it is straightforward to show
that 1+ |t;] > /2. Therefore 3" |h(t;)| < (14 ;)™ < 3572 < 0 if
m > 2.

Proof. Let f' = fo x f! be the global function attached to h as in the proof of

Lemma[l2l Let ¢; = Hi“ 7€ L3(w) be the unit vector attached to u;. Noting

that f., € C3(GT//K) by Proposition B.6, we can write f/ = a*b+cxd
for bi-K w-invariant functions a, b, c,d € C%(G(A),w) by Lemma 6.9l Then by

@),
> In; |—Z| Ro(f Ve, 5 |—Z| Ro(a)Ro(b)¢s, 93)+(Ro() Ro(d)es, 5) |

<Z| Ro(b)p;j, Ro(a™)p; |+Z\ Ro(d)gj, Ro(c*)pj) |
J

<> I Ro ()| Ro(a* %||+Z||Ro (@)ejll1Ro(c*) s

J

< (S o)) (X IRotayerl?)
+ (31 oil?) " (3 Moty ?)

The above is finite since all four operators are Hilbert-Schmidt by Theorem
0.4 O
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Proposition 7.5. Given h(iz) € PW™(C)®"*™ with m > 10, let foo be its
inverse spherical transform in C™=2(G"//Ks) as in Proposition [38, and let
f = foo x f*. Then the integral I.usp ts absolutely convergent. It vanishes unless
my,ma € Z—{0}. Let F be an orthogonal eigenbasis for L3(N,w’) as in ([E25]).
Then for mi,ms € Z+, we have

) @y (W)@, (u
Leusp = Vn Z [ ||]2) ol J)h(tj)Kitj(QWmlyl)Kitj(Qﬂ'WZyZ)a (7.5)
u; EF

the sum converging absolutely. Now suppose m > 12. Then letting Icusp(w)
denote the above when w = y1my1 = yama, we have

/Ooo o (1) = w\f Z (W) s (Wg)am, (u;)  h(t;) (76)

[l |2 cosh(rt;)’

u; EF
the sum and integral converging absolutely.

Remark: In fact, (T6) converges absolutely for any function A (holomorphic or
not) satisfying a bound of the form h(t) < W for m > 3. Indeed, granting
Weyl’s Law, one finds as in the proof below that (T6) is < > |h(t;)|(1+]t;]) <
S+ [t]) 7 <« S0 HY/2 < oo if m > 3. By the fact that Weyl's Law
is an exact asymptotic, any improvement allowing smaller m (say m > 2) must
come from a strengthening of the estimate (7.8]).

Proof. The absolute convergence of I.,s, (with absolute values inside the sum
defining K,sp) is a consequence of the continuity result of Theorem .10 and
the compactness of N(Q)\N(A). The equality (ZH) and fact that my, ms must
be integers follow immediately from Lemma [J]l and the discussion preceding
it. The second Bessel factor does not need the complex conjugate because ¢; is
purely imaginary or purely real (cf. Proposition B.8)), so that K;,(x) is real for
real z by @J) (if ¢ is real, consider w + w~! in that equation).
Equation (78] follows formally from (5] by the identity

o (2 +at)l(3 — it) ™
/O Kt (2mw)?dw = 2 = Scosh(n) (7.7)

(IGR], 6.576), which is valid whenever Im(¢) = Re(it) < 3, which holds here by
Proposition 3.8 As justification, we have to prove that the integral

/ Z |/\ u] Amy uj)a/mZ(uj)|‘h(tj)Kitj(27Tw)2‘dw

= e

converges. By (ZZ) and the fact that |K; (2rw)|? = K;¢(27w)?, this amounts
to showing that the right-hand side of (7)) is absolutely convergent.

Recall that |An(u;)| is bounded by a constant depending only on n. (For an
elementary proof, see [Rol, Proposition 2.9. Currently the best known bound is
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7(n)n"/%* due to Kim and Sarnak [KS|. According to the Ramanujan conjecture,
Malu)] < 7(0).)

For any Maass cusp form u with spectral parameter ¢, and m # 0, we have
the well-known elementary bound

|an (u)|?
[[u]?

where the implied constant is absolute (see Theorem 3.2 of [[w2]). This gives

n| w|t|
<YN)(lt+ FF)e A,

|@m, (W)am, (u)]

HU||2 KN,m1,ma (1 + |t‘)eﬂ-|t" (78)

When ¢ is real, the exponential factor is negated by cosh(wt) > et in the

denominator of (TG). For the finitely many non-real t;, we have [t;| < 1.

Hence

)\ m m
3 1An (1) @y (1) (115) <<Z|h 11+ [t5]). (7.9)

ek [lu;]|? cosh(mt;)

Let h(t) = t*h(t). Assuming h(iz) is Paley-Wiener of order m > 12, it is easy
to show that h(iz) € PW1°(C)®*". Note that

DRI+t < Y PR = D Ih(;

[tj|>2 [tj]>2 [tj|>2
By Lemmal[T4labove, the latter expression is finite. In view of (3] with M = 2,
this implies that the right-hand side of (7)) is finite. O
7.3 Residual contribution

By (613), Kyes vanishes when w is nontrivial. Otherwise by ([6.14]) we have

- \/;1@ // Kres (1), (% %2))0m, (21) Oy (22) dovy davo

(Q\A)2

3h(%) S
= 7Ty12yz(dzln:d> /Q\Aﬂ(mlx)dx/Q\AH(mQ:r)d:c.

Both integrals vanish since my,mo # 0. Thus the residual spectrum makes no
contribution to this trace formula.

Ires(f7 mi, m27w)

7.4 Continuous contribution

We continue to assume that f = fo x f™ satisfies the hypotheses of (ZI]). Using
the decomposition H (0) = H(x1, x2), the continuous kernel is given by

Keont (91, 92) Z > [ E(mit(f)$it, 91) E(Pir, g2)dt (7.10)

X1 X2 ¢
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Here x1,x2 ranges through all (ordered) pairs of finite order Hecke charac-
ters satisfying x1x2 = w, and ¢ ranges through an orthonormal basis for
H(x1, x2) K=K (V) By Corollary 5.1, the latter space is nonzero if and only
if ¢y, ¢y, | V. In particular, both sums above are finite.

For ¢ € H(x1, x2)%=>*51(N) we know that

Tit(f) it = Vo da(x1, X2, 1) h(t)Pit

by Proposition Hence for the orthogonal basis B(x1, x2) given in Corollary

GIT
Kcont(gla 92) =

f Z > ||¢H2/ h(t)Xa(X1, X2, it) E(,it, g1 ) E(, it, g2)dt. (7.11)

X1:X2 pEB(Xx1,X2

We need to integrate the above over (N(Q)\N(A))?. For m € Q and real
y >0, let

af;(s,y) = / E(¢,s,n(y 1))0m(n)dn
N(Q)\N(A)

be the adelic Fourier coefficient of E(¢, s, n( v, )) The above coincides with the
m*™ Fourier coefficient of Ey(s, z), which was denoted a,(s,y) earlier. Indeed,

using the fundamental domain [0, 1] x Z for Q\A,
1
al (s,y) = / /2E(¢7s7 (§7) x (34))e(—ma)bsn(mu) du dx
0
1
:/ E(¢,s, (§7) x lﬁn)e(fmx)dz/AHﬁn(mu) du.

0 z

Because Z = ker Ofn, this is

1
/E¢(s,x+iy)e(—mx)da: m € Z
0

0 otherwise

= am(s,y), as claimed.
Therefore by the formula for Fourier coefficients given in §5.6] the continuous
contribution to the trace formula is

J[ K75, (% s )02

1
VY1Y2

cont —
(Q\A)?
S5 [ A nag, (it bt ) i
47T\/y1y2 - 9l
— s Z Z An(X1,X2,it)0 Lt(Xi:XIQ)ml)o;it(Xi7x%777';2)(%)it{(it(27Tm12y1)Kit(2ﬂ'm2y2)h(t) it
X1x2 (i) o l¢¢ip) 71T (3 +it) |7 | L (14-2it,x1X2)|
(7.12)
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The notation is as in §5.6] and is also recalled in Theorem [7.14] below. We have
used the fact that |C(; )| = 1 and that K (x) is real.

We explained in §7.1] why the above expression is absolutely convergent.
This can also be seen directly, using the following lemma.

Lemma 7.6. Fory >0 and s = o + it with o > 0,

K _ (2) (+2]s)
|r<;+s>§<> T

)
Proof. By Basset’s formula for K, (z) (eq. (1) on p. 172 of [Wal),

Ks(y) 2\s 1 [ cos(yx)
) 2y L o),
L'(5+s) y/ Vmlo (2 41)zts
valid for o > 0. Integrating by parts, we have

Ki(y) 2\ (1+2s) [ xsin(yz)
F(%fs)7(7> yv'm /0 (x2+11;%+5

Y
This equality is valid on o > f% since the right-hand side is convergent for such
s. Therefore if o > 0,

1K (y)] 2\ (L+2]s)) [~ = 2\7 (1 +2s|)
IF(%fS)F(i) yv'm /0 (x2+1)%dx:(> o -

Y
By the lemma, the combined contribution of the Bessel and Gamma func-
tions in the integrand of (TI2) is < (1 + 2[t)2. By Corollary 23]

Y

Ly(1+2it, x1x2) " = L(1 + 2it, X, x4) "' < Ne(log(3 +2t]))".  (7.13)
Thus, the absolute convergence of the integral (Z.12)) follows from
h(t) < (1+ Jt)~* (7.14)

(which holds since h(iz) is Paley-Wiener of order m > 10 > 4).
In fact we can prove the following asymptotic bound for I.ong.

Proposition 7.7. For any € > 0, the quantity (T12)) is < N=*e. The implied
constant is ineffective, but depends only on &, n, m1, ma, foo, and y1,ys.

Proof. By Proposition .17, we have

it (X Xos )00 (X5 X 12|

b2

Koy mae NE. (7.15)

It is clear that

|Aa(x15 X2, 8t)| = ‘Z(d%)itXl(dN)XQ((%)N)’ < 7(n) <, L.
d|n

76



Therefore by Lemma [[.6] and (CI3)-[CI5), the integral occurring in ([Z12) is
< N35/ B(E)(1+ 20¢)) (log (3 + 2/¢])) Hdt = O(N), (7.16)

with the implied constant depending on fo,€,y1,y2, m1, m2, and n. Thus, re-

calling Corollaries 510 and E1T] (7.12)) is

< N%E N > oL

(ip) (v1p-vap) X1x2=
0<ip<Np v, <ip<Np—vy, ¢x;=Ilpp /P
(j=1,2)

The set of tuples (ip) is in 1-1 correspondence with the set of positive divisors
M =T p% of N, and likewise {(v1,)} > {v1]|2%} and {(vs,)} > {v2|M}. Hence
the above triple sum can be rewritten

2.2 > 2L

MIN va|M vy| 57 GEY

Ex2 =2
The number of terms M is < N€¢, and the same is true for v; and v5. Thus
for fixed M, vy, v9, it remains to count the number of pairs (x1,x2). Because
v1ve| N, there exists j € {1,2} such that v; < N'/2. The number of possibilities
for the character x; of conductor v; is |(Z/v;Z)*| < N'/2. Once ¥; is chosen,
its counterpart is determined by x1x2 = w. Thus the number of pairs (x1, x2)

is < N1/2. This proves that (7T12) is < Nz16<. O
Lastly, let Icont(w) denote the quantity in (TI2) with w = miy; = mays.
o0

Using (1), we see that / Teons(w)dw is equal to
0

leX2a'Lt)azt(leszml)Uzt(XpX2am2)( )Zth()
Sy / dt.

XX G D¢, 1P Lv (1 + 2it, x1X2)[2

(7.17)
The exchange of the dt and dw integrals is justified by the absolute conver-
gence of (ZIM), which is proven in the same way as Proposition [[T7] giving the
following.

Proposition 7.8. For any ¢ > 0, the quantity (T17) is <. N2te.

7.5 Geometric side

In this section, we take f as in (I]), although we can relax the requirement on
m. In Proposition [[9 we will require m > 5, and in Propositions [[.TT] and
we need m > 2.

For positive integers my, ms, we need to evaluate the integral (T.1])

I= Ifﬂnl me,y1,y2 yo2 tf ))9(m1t1*m2t2)dt1 dts,

/ / y1 t1 )’ (
VYiY2 JQ\A JQ\A
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using K(g1,92) = Zveé(Q) f(97'vg2). This was carried out in detail with a
different choice of f, in [KLI], and we follow the same procedure here.
Let H = N x N, and endow it with an action on G by

(n1,n2) -y = ny 'yns.

We break the sum over v € G(Q) into H(Q)-orbits to get

I = Z f((yl tl)_16(y2 t2))wd(tl,t2>_

1 1
SeN(Q\T(Q)/N(Q) ” Ho(Q\H(A) VY2

Here H; denotes the stabilizer of §, and d(t1,t2) denotes the quotient measure
coming from the Haar measure dt;dt; on H(A) =2 A x A, the latter being
normalized as in Section 211 The interchange of the sum and the integral is
justified because the function }_ [f (x71yy)| is continuous and hence integrable
over the compact set H(Q)\H(A).

We let I5(f) denote the integral attached to ¢ as above. The following set
of representatives J is obtained from the Bruhat decomposition:

{(ADve@ O ¥ reqr

An orbit § is relevant if the character ,,,60,,, is trivial on Hs(A). The orbital
integral I5(f) vanishes if § is not relevant. It is straightforward to show that
the relevant orbits are

(g YL ) e Q).

See [KL1] for details.

7.5.1 First cell term

Proposition 7.9. Let § = (mZ/"“ 1) for my,mg > 0. Then I5(f) is nonzero
only if myma = b?n for some positive integer b|ged(my, mz). If this condition
is met, then

15(p) = L /b) /Oo 1% <t2 iyl 4 mays 2) mitdt  (7.18)

b\/y1y2 m1Yy1May2

forV asin BA). Letting Is(w) denote the above quantity for w = y1my = yamea,

we have
/O Is(w)dw = MM%V(O). (7.19)

'(v/min/mo)

Proof. For this choice of ¢, we find as in [KLI| that

m@={(* )" leeal.

78



Now note that

-1 m m
o) Y (o) (R R )
1 1 1 1

1
_ (M Mmaols Mats — myty '
miyi miyi

Here we view m; € Q* C A* and y; € R. Thus because f is invariant under
Z(R)TZ(Q),

o= (g i, )
{( M2 ot GQZ}\Az

Here d(t1,t2) is the quotient measure coming from dtidtz. In A2 let t =
maty — myt;. Then the map A2 — A2 defined by (t,t2) > (t,t2) induces a
homeomorphism between the quotient spaces

{(%tz,tg) Ity € Q} \AZ — {(0,12)|t2 € Q}\AZ = A x (Q\A).

Noting that dt dty = |mq|adtidts = dt1dts, we see that the quotient measure is
d(t1,t3) = dtdts, where we use dty now to represent the quotient measure on
Q\A. Thus

B s o O(=t)dta dt (o 1) BN
/A/me(( )T A /f b)) T

The integral factors as Is(f)finls(f)oo- As shown in Proposition 3.3 of [KL1], the
finite part vanishes unless m;msy = b?n for some positive integer b ged(mq, ms),
in which case

Y(N)

bw'(my/b)

I(S(f)ﬁn =

The archimedean part is

1 OO m t g
e = [ ae(" 0 D

and (I8) follows upon using ([B.1).

Set w = y1my = yamy in [ZI8), so \/yll% = Y2 Then
YN)y/mims 1 / 2t
I = \%4 T dt.
5(w) b’ (ml/b) w J_o (wg)

Replacing ¢ by wt and dt by , and using Y™ = \/n, we have

/OOO Is(w)dw = u% /OOO /Z V(£2) 2™ dt dup.
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Let 7(t) = V(t?), a compactly supported continuous even function. Note that
Plw) = / V(t*)e ?m W dt = / V(t?)e*™ dt
—o0 —o0

is also an even function. By Fourier inversion,

1 1 1 [ . >
SV(0) = 5r(0) = 5/ r(w)dw:/o #(w)dw,

— 00
which proves (T.I9). We recall that Fourier inversion is valid so long as r and
7 are both integrable. Because f,, € C"'(G'//Ky) for m > 5, V and r are
compactly supported and twice continuously differentiable by Proposition
It follows by a standard argument (see Proposition RJ below) that #(w) <
(1 +w?)~! and hence is integrable. O

7.5.2 Second cell terms

We will need a few facts and definitions. For the function k(z1, 22) attached to
foo in [B.8)), define its Zagier transform by

Zh(s,1) = / k(z+t,§)y5dz,

where dz = dm d2dy Jsing Proposition B3], we see that

k(s, t) // |z+tz+1|2 // |z+1—f\)sdz

where the second expression comes from completing the square and replacing z
by z — §. We refer to Proposition 4 of [Za] (where the above is denoted V (s, t))
for the absolute convergence and other information. In Section 5 of [Za], it is
computed in terms of the Selberg transform h(t).

We will only be interested in the case s = 1, so we set

Z(t) = Zk(1,1) // <|Z “* |2>Cngm. (7.20)

This is expressed in terms of the Selberg transform h(t) in (4.12) of [Za]. Since
V' is compactly supported, Z(t) is also compactly supported as a function of

2

t € R. Indeed, writing u = 22, v = y? and w = —(1 — %), we have

|z2—|-1—%|2 _ (ufvfw)2+4uv: (—u—v+w)? + dow > day = 2 — 4,
Y

2 v v -
Thus, if [¢| is sufficiently large, t> — 4 exceeds the supremum of Supp(V), and
the integrand of (20 is 0.

The orbital integral attached to § = (? _0“) involves the Fourier transform

Z(a) = / Z(t)e 2ot gt = / Z(t)e* i dt.

— 00 —0o0
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Proposition 7.10. For a # 0, we have

2(&) = i/ J2it(47ral)002§1t()7ft) dt

for the J-Bessel function, and the Selberg transform h(t) of foo.

Proof. This is due to Zagier. The proof is explained in §2.1 of [Joy]. Another
account is given in [LiX], Lemma 3.4. The absolute convergence of the integral
holds by the fact that h € PW™(C)®V" for m > 2 (see the proof of Proposition
below). O

Also, for any ¢ € ¢/ Z™", we will need the following generalized Kloosterman
sum:

Solabme)= 3 o(@e(tdEb (7.21)

C
dd'€Z/cZ,
dd'=n

We will describe some basic properties of these sums in Section [l

Proposition 7.11. Let § = (! ) for we Q*. Then I5(f) is nonzero only if
p = 2z for some positive integer ¢ € NZ. Under this condition,

Sur(ma, mi;n;c

) // % . )
k(zl, 7)6 mi(maxa m1m1)dz1dz2’ (722)
VY1y2 2z

RXR

Is(f) = ¥(N)

where k(z1,22) = foo(97 '92) as in BF). Taking Is(w) to be the above quantity
when w = myy1 = mays, the integral f(;)o Is(w)dw equals

i\/ﬁi/;(N) Sur (M2, my;n;c) /°° o (47“/m> MOt 4 (7.93)

c ¢ cosh(rt)

— 00

Proof. For 6 = (; ~*), we find that Hs(A) = {(1,1)}. Given y1,y2 > 0, we
need to integrate

f((yl wll )71(1 _H)(yz 3612 ))9(m1x1 — Max2). (7.24)

Again the integral factors as Is(f)anls(f)co. Because fo is supported on
G(R)T, the archimedean integral vanishes unless p > 0. Under this assumption,

the finite part was shown in Proposition 3.7 of [KL1] to vanish unless y = %
for some ¢ € NZ*, in which case
N
I(S(f)ﬁn = wqe((l)) Sw’(m27 mi;n; C) = w(N)Sw' (mg, mi;n, C). (725)

From BJ), foo (V" )_1 (L M) (" %)) = k(=, =%), so the archimedean part
can be written as

1 H
I co — k y — — dridxs.
s(f) m//RXR (21 = Ye(maozo — myxy)dridey
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Setting u = %, (L22) follows immediately.

Now write 1 = y/puma/myty and xo = /pmy/mats, so that deidre =

,U,dtldtz = C%dtldtg. Then

(.’L’l + iyla

— ) _ JHme iy1ma -1
T2 + Y2 my Vmoms 'ty + \/%
The scalar in front does not affect the value of k by [B9). Set w = myy; = mays,

1 _ yV/mim2
so that Tm s w

product of “7@1”” with

- we -1 VAmamy L dw
/ // k(tl M=t to & L)e%z c tl)dtldtzg.
0 RXxR vamima  To TRy

. The archimedean part of the integral of I5(w) is the

Arguing formally for the moment, we exchange the order of integration. Sub-
stitute t = t; — to for t1, x for t9, and y for \/n::fimz Then because ‘%’ is a

multiplicative Haar measure, the above integral is

oo oo oo -1 1 . /Amima
- / / / k (x + iy + t, ) ;dy dee 2™"e—qr  (7.26)
—o00 J—00 JO

T + 1y

nmimz, ic /OO g (4771/nm1m2 h(t)t dt
¢ T Aamms )0 c cosh(mt)
0T

by Proposition [LT0. Formula (Z.23) now follows upon multiplying by =

and the finite part (Z25). The exchange of the order of integration is justified
by Fubini’s Theorem. Indeed, as explained after (Z.20)), Z|k|(1,¢) is compactly
supported as a function of ¢. Therefore the triple integral (7.26)) is absolutely
convergent. O

= Z(

The geometric side is equal to the main term from Proposition plus the
sum over ¢ € NZ™ of the term in Proposition [Z.11]

Proposition 7.12. We have the following bound for the sum of the Kloosterman
terms on the refined geometric side:

S~ AU Sur(ma, mgini o) /°° s <4m/rW> MOty (7.97)

v 4 ¢ e ¢ cosh(rt)

= O(N),

where the implied constant depends on n, h, my, ms, and 0 < e < 1.

Proof. (See also Theorem 16.8 on page 414 of [IK] for the case n = 1, w = 1.)
We will show below that

/OO Joit (4“/@) UGLI (Wm)l (7.28)

c cosh(mt) c

— 00
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In Theorem we will prove the Weil-type bound

S, (m2, my;n; )| < 7(n)7(c)(maon, myn, ¢)'/2c/%c 1/2

Together these statements imply that (T.27) is

T N)N/2r(N T
<P(N)ey S Z 03/(28—)5 < i ])\[3/2—2( ) Z 63/(2625' (7.29)
ceENZ+ c€Z+t

Using 7(N) < N® and ¢(N) = NHp|N(1 + %) < N this gives

N1+5Ns
27 <« ——— i = N3,

as needed.

It remains to establish (T28). We let s = o + it be a complex variable.
Let 09 < % be a fixed positive number. The restriction on g is to ensure that
cosh(—ims) is nonzero on the strip 0 < ¢ < gp. From the integral representation

 (=/2)0
T+ 12V o
([AARI], Corollary 4.11.2), we see that for o > 0,

Js(z) < (g)o |I‘(s:—§)

for an absolute implied constant. By the hypotheses on h(t), there exists a
positive constant C' such that

Js(x) = cos(z cos 0) sin** 0 d6 (Res > —3)

. ce
h(—ZS) < W,

for any m > M > 2. By these asymptotics, the integrand of (T28) is

" <4Wm> h(—is)(—is) (730

c cosh(—ism)

- <27r./7nm1m2>20 |s|C” 1
c (L4 [t)M |T(2s + 3) cosh(—is)|’

y [AAR], Corollary 1.4.4, for 0 < o < % and [t| > 1,
ID(s)| = V2r|t]7 /2121 + O(1/[t]))
for an absolute implied constant. Thus for 0 < o < g9 < % and |t| > 1,

1 ) e7ltl
< |t
IT'(2s + 3) cosh(—is)| g

|e(t—ia)7r +€(_t+i0)ﬂ'| = an(l).
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The left hand side is continuous and hence bounded on the compact set 0 <
o < 09, [t| < 1. Thus the expression is bounded on the whole strip 0 < ¢ < 07y.
(We have imposed op < 5 in order to avoid the zero of cosh(—ism) = cos(s7)
at s = 1.) Hence for such o,

5 (MﬁW) h(is)(is) _ (% M)Z"( e

c cosh(—ism) c 1+ ¢HhM

(7.31)

Let T be an arbitrary large real number, and let Ry be the contour defined
by the rectangle with vertices A = —iT, B = 09 —i1, C' = 0g+i1 and D = T,
with counter-clockwise orientation. By the Cauchy residue theorem,

/R n (4wm) B=is)(=is) o

c cosh(—is)

By the estimate (31)) with M > 2, we see that

T— 00 T—00

lim (M)ds = lim [@30)ds = 0,
D
and that ([C30) is absolutely integrable over iR and oo + iR. Taking T" — oo,

c cosh(mt c cosh(—ism)

— 00

( 27 /MM Mo ) Zoo
c

<00

by (Z.3T) with M > 2. Taking oo = 3 — £, we obtain (Z.28). O

7.6 Final formulas

The formulas given below follow upon equating the geometric side with the
spectral side in the two cases (primitive and refined) computed above.

Theorem 7.13 (Pre-KTF). Let F be an orthogonal eigenbasis of T, for the
space LE(N,w') of cusp forms of weight 0, chosen as in [f25). Let h(iz) €
PW2(C)even and let fo € C1O(GT//Ks), V, and k be the associated func-
tions as in BI10), GD) and BI)). Then for any positive integers my, ma, and
real y1,y2 > 0, we have

() Gy (U5) Ay (1)
\f Z j |; ”]2) 2( J)h(tj)Kitj (27rm1y1)Kitj(27rm2y2)
u; €F

WE Y Z/ n (X1, X2, i) (1) (52 ) " Ky (2mrmayn ) Kie (2mmay2)
[6¢i) |12 0(5 + it) L (1 + 2it, x1Xz2)|?

X1:X2 (ip)

X 03t (X7, X5 m1) it (X1 5 X, ma2) di
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= T(ml, ma, Il)

N / nmsg
VaY(N)w'((/55) /°° y <t2 +miy} +mdyd 2) 2wt gy
VMi1mayiy2 —o0o miyimay2

Sw (ma, m1;n;c) N 9 _
+Y(N) Z e // k(z, - )e mi(mazs mlwl)dxldxg,
cENZ+ VYLy2 ¢ 22

RXR

where:

e \1, X2 range through all ordered pairs of finite order Hecke characters with
X1X2 = w and whose conductors satisfy ¢y, ¢y, |N.

o Ly(s,x1X2) is the partial L-function defined in ([2I1)).

® Aa(X1,x2,0t) = Z (%)itX1(dN)X2((%)N), where dy is the idele which
d|n
agrees with d at all places p|N and is 1 at all other places.

e (ip) runs through all sequences (ip)y|n with

ordy(cy,) < ip < N —ordp(cy, ).
e X\ is the Dirichlet character of modulus Ny = [] p™* attached to x1 as

p|N

ip<Np
e % is the Dirichlet character of modulus N = [] p™r attached to x2 as

p|N
ip>0
® 21 =1 +iy1, 22 = T2 + iY2.

e All other notation is given in Theorem [7.17] below.

Remark: The hypothesis that h be Paley-Wiener of order 12 arises from the
following places. We need the inverse Selberg transform f,, to be in C? in
order to apply Corollary 612, whose hypothesis stems from the restrictions in
Lemma[G3 By Proposition [3.6] we are only able to guarantee this if h € PW 10,
Furthermore, we needed 22h(iz) € PW to prove the convergence of the cus-
pidal term. As remarked there, assuming Weyl’s Law would render this step
unnecessary. In computing the main geometric term, we required V' to be twice
differentiable to justify using Fourier inversion. For this it would be enough
for fo to be in C? (see Proposition B.2)), or for h to be Paley-Wiener of order
m > 4 (see Proposition below). We will discuss weakening the hypotheses
in Section B

For the refined version of the KTF given below, we have multiplied each
term by %\/ﬁ, and we have used formula (B.I7) for V' (0). We have also expressed
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everything in purely classical (non-adelic) terms, replacing the sum over pairs
X1, X2 of Hecke characters of conductor dividing N by a sum over pairs X1, X2
of Dirichlet characters of modulus N. Indeed, the two correspond bijectively by
(238). Furthermore, Ly (s, x1Xz) = L(s,X; X2) by @I0). Lastly, we point out
that by that fact that xi, is unramified when ¢, = N,, X1 is induced (in the
sense of (Z7)) from the Dirichlet character x| of modulus Nj attached to x; in
the above theorem, and likewise X is induced from x5.

Theorem 7.14 (KTF). Let h(iz) € PW?2(C)®*" (see the remark above). Let
F be an orthogonal eigenbasis of T, for the space LE(N,w') of cusp forms of
weight 0, chosen as in [E28]). Then for any positive integers my, ms, we have

An(Uj) G,y ujm h(t;
3 (w)) amy (ug)am, (ug) (L))

P [ cosh(rt;)
L1 353 * An(x’l,x’g,it)oit(x’l,xé,m1)0n(><’17x’g,mz)(%)“h(t)dt
T e o 7 1L+ 208 X; 52)P
min 1 >
= T(my, ma,n)(N)w'( e )p [m h(t) tanh(mt) ¢ dt
2i)(N) Swr(ma,mi;n;e) [ dmy/mmimaz\  h(t)t
: v Selmemine) (<, -y |
™ c oo c cosh(7t)
ceENZ+
where:
o Y(N) = [SL2(Z) : To(N)] = N T, x(1 + ;).
1 dx dy
e The Petersson norm is given by ||u;|* = —— / | (z+iy)|? .
! O(N) Jrooopm y?

o Foru; € F, Auj = (5 +t3)u; and Tyu; = Aa(uy)u;.

1 if mymao = b?n for some integer b| ged(my, mso)

0 otherwise.

Equivalently, T'(a1, a2, a3) € {0,1} is nonzero if and only if a;a;/ay is a
perfect square for all distinct i, j, k € {1,2,3}.

e T(my, mg,n) =

® X1, X2 range through all ordered pairs of Dirichlet characters modulo N
for which X1X2 = w' and whose conductors satisfy cx, ¢z, |N.

e (ip) runs through all sequences (ip)yn with

ord, (¢5,) < iy < ord,(N) — ord,(cz, ).

s TT P p-1 1
ool =11 5 11 i H pwepiy

pIN p|N pIN
ip=0 0<ip<Np ip=Np
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e ! is the Dirichlet character mod Ny = [[ p"e inducing X1 as in 270).
p|N
ip<Np

e X4 is the Dirichlet character mod No = T[] p™* inducing X2 as in 21).

p|N
ip>0

. n \ T Ny
o Ma(XisXaiit) = D (F)" Xi(d)x5(5). (This is the same as Ma(X1, Xz, it)
d|n
since X1, X2 are induced from X\, x5 and (n, N) = 1. It is also the same
as An(Xx1, X2,0t) from the previous theorem, by (2.9).)

o M = Hp‘NpiP is also a modulus for x4.

1 x4 (c) dm .
o (X7, Xo,m) = i Z Clm Z X’Q(d)e(m). The sum over d is
c|lm deZ/MZ
also expressed in terms of the primitive character inducing x4 in (B31).

— d d
o Sulmamine) = Y wide(2i M),
d,d'€Z/cZ ¢
dd’=n

7.7 Classical derivation

When we take n = 1 in the above theorem, we obtain the “classical” Kuznetsov
formula

Ay (Uj) g (ug)  R(E;
3 (uj)am, (ug) _ h(t;)

o wlP coshinty)

O-l b 7m O’l b ’m ’"Ll Zth
+ 3 Z/ + (X1 X5 ;) + (X1 X5 _21)£ 2) ()dt
b 12 L1+ 2it, X7 X2)|

X17X2 (ip)
= §(m1,m2)1/)(N)W’(\/m1/m2)% /:’0 h(t) tanh(nt) t dt (7.32)
+2i1/)7£N) Z Swr (Mma, my;c) /°° T <47r\/m> h(t)t i@t

c c cosh(mt)

ceENZ+
Conversely, Theorem [[.14] can also be derived from (Z32]). To see this, start by
choosing the orthogonal basis F to consist of Hecke eigenvectors with a; (u;) = 1.
(Such a basis is easily constructed by a Gram-Schmidt procedure; cf. [KL1],
Lemma 3.10.) With this normalization, by [I0), for all u; € F we have

An(Uj)am, (uj) = Z W' (€) anmy (uy). (7.33)

72
4| ged(n,mq)

If we denote the classical formula (32]) by CK(mq,ms2), then the sum

ST W(0) CK(2EE, my) (7.34)

| ged(n,m1)
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is precisely Theorem [7.J4l The proof of this assertion involves proving four iden-
tities, one for each of the four terms (cuspidal, Eisenstein, main, Kloosterman)
of (T32). Indeed each term can be summed individually over ¢ as in (T34]) to
recover the corresponding term in Theorem [[.14l For the cuspidal term, this
is immediate from (Z33). For the Kloosterman term, after summing over ¢,
one applies a generalization of Selberg’s identity for Kloosterman sums, given
in ([@4]) below, to obtain the corresponding term in Theorem [[.T4l For the main
term, the desired identity follows from

Z W' (£) 6 (%75, ma)uw'( ;273112) \/E Z 5(Rms m

£|(n,m1) £|(n,m1)

= T(ml,mg,n)w’(, / %)

The manipulations required for the Eisenstein term are a bit more involved.
The goal is to prove that for any integers n, m prime to IV,

An (X35 X )it (X3, X, m)m™ = >~ W/ (0)ais (X5, Xo, ) (). (7.35)
£|(n,m)

Dividing both sides by %, using w’(¢) = x1(£)x4(¢), and simplifying what
remains, one reduces the problem to showing that

n

d b
Sy ot d?éid > X’z(b)e(%)

dln c|m b mod M
xl o bmn
Z Z Zzt Z XQ(b)e(MKQT)‘
L|(n,m) | B2 e b mod M

Setting dc = ¢r = a, it then suffices to show that for each divisor a|nm,

S AE Y w0 = Y G0 Y b, (130

d|n,d|a, b mod M L|(m,n),2|a, b mod M
Glm a| g

Proposition 7.15. Given almn as above, define
D(a) = {(d, )| de = a, dJn, clm}

and
D/(CL) = {(67 7”)‘ br = a,€|(n,m),r|%"

n,a)c 2 n,a
(d,c) — <( a) ) (ncfa)c) = <( d )7 (7(:,((11))

defines a bijection from D(a) to D'(a), with inverse

(na)r a2 — ((a) _ae
(é,’/‘) = ( a (n,a)r) - ( £ ("aa)) )

Then the map
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The proof of the proposition is left to the reader. Using it, we see that the
left-hand side of (Z30) is equal to

> fn ) Y x'z(b)e(ibm(nﬂ))
) Mla
Z\(m,n),?\ﬂ, b mod M

a| B

n

Replacing b by b(nnﬁ (which is valid since o) is prime to M), we obtain the
right-hand side of (7.30), as needed.
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8 Validity of the KTF for a broader class of h

We have shown that the Kuznetsov trace formula is valid for the restricted class
of functions h with h(iz) € PW12(C)v*". For certain applications it is useful
to allow for a wider class of functions. For example, the Gaussian h(t) = e~t*/T?
has rapid decay for real ¢, but h(iz) is not Paley-Wiener of any order, due to
faster than exponential growth when z is real. Here we consider functions h
satisfying:

h is even,

h(t) is holomorphic in the region |Imt| < A4, (8.1)

h(t) < (1 + [t])~ P in the region |Imt| < A,
for positive real constants A and B.

Theorem 8.1. If A, B are sufficiently large, then the KTF (Theorem [7.1])) is
valid for all functions h satisfying &J).

Remarks: (1) We will not obtain the optimum values for A, B. Kuznetsov’s
original paper established the formula in the case N = 1 for any A > % and
B > 2, [Kul]. According to [IK] Theorem 16.3, these parameters work for any
level N. This is the range used by Selberg in his original work on the trace
formula [Sel2]. Since, as proven by Selberg, we have |Im(t)| < § for the cuspidal
spectral parameters ¢, it is plausible that A > i would suffice. This has been
proven to be the case when N = 1 by Yoshida, [Y]. However, allowing A < %
results in poorer control over the size of the Kloosterman term. See Proposition

8.24] below and the remarks following it.

(2) Given the above theorem, one can use the following idea of Kuznetsov to
show that in fact B > 2 suffices. Briefly, suppose h satisfies (8] for some A
sufficiently large as in the theorem, and some B > 2. Choose a > 0 very small,
but still large enough that i < A. Define, for r € R,

h,(t) = —% (h(r Z %) n h(’" - §)> — cosh(7r) cosh(mat)

o) 7(r — at)) cosh(n(r + at))’

Then h,(t) satisfies (8I) for any B (it has exponential decay as |Re(t)| — 00),
and for A = 5. Therefore if « is chosen suitably, the KTF is valid for h,(t)
by the theorem. In each term of this KTF, we integrate r over R and use the
identity

which is valid for h analytic on |Imt| < - ([IK] Lemma 16.4, [Ku] (6.1)), to

conclude that the KTF is valid for h. It is not too hard to justify this process
by showing that everything is absolutely convergent, using the fact that B > 2.

We prove Theorem Bl at the end of §831 We will make use of the KTF
already established for Paley-Wiener functions of sufficiently high order, and
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a limiting procedure. Given h as in Theorem Rl let f be the corresponding
function on G(R)*, i.e. the inverse Selberg transform of h. It might not be
smooth or compactly supported modulo Z(R). In §82 we will define a family
of compactly supported C™ functions fr on G(R)* for T > 1 and some m > 0,
such that fr — f pointwise as T' — oco. We let hy € PW™(C)v*" be the
Selberg transform of fr. The KTF holds for hp if m is sufficiently large, and
we show that

Tlim (Spec. side of KTF for hy) = Spec. side of KTF for h
—o0
and
Tlim (Geo. side of KTF for hr) = Geo. side of KTF for h,
—00

thus establishing the KTF for h.

We note that Finis, Lapid and Miiller have used a different limiting method
for GL(2), and (in large part) beyond, to extend Arthur’s trace formula to
a space of smooth functions allowing non-compact support even at nonarchi-
medean places ([FL], [FLM]).

In §81] we extend the basic integral transforms of §3] to allow for non-
compactly supported functions. We then discuss the relationships between the
various functions f,V, @, h, and establish bounds for certain of their derivatives.
In §8.2]- §8.3] we define hr as in the above discussion, and apply a limiting pro-
cess to the KTF for hAp. In the final two sections, we prove a needed auxiliary
result, namely that for a test function f = foo X fan with fg, Schwartz-Bruhat
and fo, bi-K-invariant, twice differentiable, and of mild polynomial decay, the
operator Ro(f) is Hilbert-Schmidt.

Notation. Throughout this section, all the constants implicit in < may depend
on A, B and h (and hence V, f, @Q etc.) unless otherwise stated. The notation
Cy will denote a constant depending on ¢, A, B and h, and may have different
values in different places.

8.1 Preliminaries
We start by setting out some necessary trivialities.

Proposition 8.2. Let I be an interval on the real line. Suppose f is a mea-
surable function on R x I with f(t,y) continuous iny for a.e. t € R. Suppose
|f(t,y)| < F(t) for some function F € L'(R). Then [ f(t,y)dt is a continuous
function of y € I.

Proof. For any € # 0 with y +¢ € I,

[ sty [ seat= [ (o) -
R R R
The integrand is bounded by 2F(t). By the dominated convergence theorem,

the integral goes to 0 as € — 0. Thus fRf(t, y)dt is a continuous function of
yel 0
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Proposition 8.3. Let I be an interval. Suppose f(t,y) is a measurable function
on R x I such that for a.e. t € R the partial derivative fy(t,y) exists and is
continuous in y. Suppose further that |f(t,y)| < Fo(t) a.e. and |f,(t,y)] <
Fi(t) a.e. for some Fy,Fy € L'Y(R). Then [g f(t,y)dy and [; f,(t,y)dt are
continuous functions of y € I and

d
d—y/Rf(Ly)dt—/Rfy(t,y)dt

(Here, we may view fy(t,y) as a function on R by prescribing arbitrary values
on the measure 0 set of t for which the derivative is undefined.)

Proof. The continuity of the integrals follows from the previous proposition. Let
yo € I be fixed. Because the following double integral is absolutely convergent,
we can apply Fubini’s theorem:

[ [eoie= [ [ s
:/(f(ty) f(t,yo))dt = /ftydt /ftyo

Differentiating with respect to y, the assertion follows by the fundamental the-
orem of calculus. O

By induction, we have the following.

Corollary 8.4. Let I be an interval. Suppose f(t,y) is a measurable function
on R x I such that for k=0,1,...,¢:
k
(i) %(Zy) exists and is continuous in y for a.e. t € R,
(ii) there exists Fy, € L*(R) such that \3 f LY | < Fi(t) ae.

Then % fR f(t,y)dt is a continuous functzon ofy €1, and

] stn= [ 20,

14
(We may view the integrand %ytﬂ) as a function on R by assigning artibarary

values on the measure 0 set for which the derivative is undefined.)

Proposition 8.5. Let a,b and ¢ be positive real numbers. Suppose f is a con-
tinuous function on R satisfying f(z) <ap || for |x| > b. Then f(x) <ap.e
(c+ |z|)~ for all x.

Proof. Tt is easy to show that |z|~* < (¢+ |z|)~* for |z| > b. By the continuity
of f, f(x) <1< (b+¢)c+ |z|)~* for |z| < b. The proposition follows. O

Proposition 8.6. Suppose f is a continuous function on an interval [a,b) with
a continuous derivative on (a,b). Suppose im, .+ f'(x) = A. Then f has a
continuous derivative on [a,b) with f'(a) = A.
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Proof. By definition, f'(a) = hm+ W Since f is continuous at a, we can

Tr—ra
apply L'Hospital’s rule, giving f’(a) = lim+ 1/ (z), as needed. O
r—a

Proposition 8.7. Let £ > 1 be an integer, let I be an interval, and let g € C*(I)
be real-valued. Let J be an interval containing the image of g. Let f € C*(J).
Then

Y] L
CIEN =" Y Awa SO0 g 1),

r=1 ajtag+--tar=~£
tza12--Zar2>1

where Aq, . 4, are nonnegative integers independent of f,g.

r

Proof. Induction. O

Proposition 8.8. Suppose ¢ is a function on R which is {-times continuously
differentiable, with ¢ (£oo) = 0 and ¢ € L'(R) for k = 1,...,L. Then for
such k and real t # 0,

- 1
30)1 < g [ 169 @l

where ¢(t) = Jr @()e ?™dy is the Fourier transform of ¢.
Proof. See Lemma 19.11 and Proposition 8.15 of [KL2]. O

V revisited

We now re-examine the integral transforms of Section Bl without the hypothe-
sis of compact support. Let C™(G"//K) denote the set of bi-K.-invariant
complex-valued functions with continuous m-th derivative. Let C™(RT)¥ be
the set of a : RT — C with continuous m-th derivative, satisfying a(y) =
a(y™?).

For f € C"™(G1//K) and u > 0, we define

1 y1/2
v =Vt -2 =" L) (5.2)
In the other direction,
a b a? +b* + c* + d?
((E )= (53)

Proposition 8.9. For y € R*, the substitution
u=y+y -2

defines a linear injection: C™(RT)* —s C™ ([0,00)) when 3m’ < m + 1. Any
function in the image of the map is C™ on (0,00).

Proof. See Proposition Bl The proof given there does not actually use the
hypothesis of compact support. O
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The Harish-Chandra transform revisited

Given f € C™(GT//K), its Harish-Chandra transform is the function on R*

defined by
i =2 (U ()

provided the integral is absolutely convergent. If V € C™ ([0, 00)) is the function
associated to f as above, then

Hi(y) = /R Vit — 24 2.

The Mellin transform revisited

Let ® be a measurable complex-valued function on R*. Its Mellin transform is
the function of C defined by
o0

(MO)(s) = M@= [ a)ys,
provided the integral is absolutely convergent. For example, starting with f €
C™(GY//K) with compact support or just sufficient decay, one can define
® = Hf and h(t) = M;;®. However, our interest here is to go in the other
direction, starting from h. Thus we shall need to consider conditions under
which the inverse Mellin transform exists. Throughout this section, 1 denotes
a complex-valued function satisfying:

{n(s) is a holomorphic function in A; < Res < As, (8.4)

n(s) < (14 |s|)~F in the same strip,

for some real numbers A; < A; and B > 0.

Proposition 8.10. Suppose B > 1 and o is a real number satisfying A1 < o <
Ay, Fory >0, define

By(y) = - n(s)yy—*ds. (8.5)

2mi Re s=o

The integral is absolutely convergent and independent of o. Therefore we can

define .
B) = 5 [ nl s (36)

Furthermore if Ay = —Ay and 1 is an even function, then ®(y) = ®(y~1).

Proof. The absolute convergence of (8H) follows from B > 1 and (84). Let
oo < o1 be two real numbers in the open interval (A1, Ag). For a > 0, let T',, be
the rectangle with vertices oo+ ai, o1 i, and counterclockwise orientation. By
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Cauchy’s theorem, f n(s)y~*ds = 0. By (84), f (0 +ia)y~ "+ de — 0
as a — oo. It follows that <I>(, is independent of o.
Finally, suppose 7 is an even function. Letting o = 0 in (84,

1 1 1
—1y s _ _ —s — - =
Py = 3 /iRn(S)y ds = 5 /iRn( s)y “ds 57 /iRn(S)y ds = ®(y).

O

Proposition 8.11. Suppose B > 1 and fiz s = 0 + it with A < 0 < Ay. Let
O be the function defined by BGl). Then M®(s) is absolutely convergent and
equal to 1(s).

Proof. Write y = e2™. Then by (8.0),

1 - —2mvo ,—2mivt 1 —
D(y) = o /Rn(o +it)e e dt = WUU(U), (8.7)

where 71,(t) = n(c +it). Because B > 1, ([84) shows that 7, € L'(R). Let
0 <7 <min(As — 0,0 — Ay). Then by Cauchy’s integral formula,

k! (2)dz |dz| 1
) _nr)az
)= 2m /|_ (z—s)prt S /|_ P+ 2B S T+ [s))P

In order to remove the dependence on r in the estimates that follow, we take
r=1imin(4; — 0,0 — A).

From the above, we see that n((yk)(t) =) (o +it) € L*(R) and ngk)(:lzoo) =
0. By Proposition B8

) < Jo|” 2/ InZ(t)|dt <, v (v#0). (8.8)

Thus 7, € L'(R), so given s = o + it with o € (Ay, A2), 1) gives

oo d -
/ D(y)y*| = = / 1o (v)|dv < 0.
0 Yy R

This shows that M®(s) is absolutely convergent.
Because 7, is continuous and integrable, and 7, € L!'(R), we may apply
Fourier inversion, giving:

T](S) — 77(7(7-) — / U/;(U)EQWWTCZU — 27T/ @(62771))6271'710627”'1)76&}
R R

oo

:27r/ @(62””)62”(‘7“7)61711:/ @(y)ys‘i—y. O
R 0 Y
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Relationship between h and V

Throughout this section we assume that h satisfies (81)). We take
n(s) = h(—is),

which satisfies (84) with A; = —A and As = A.

Proposition 8.12. Suppose B > 1, and o is a real number with |o| < A. For
y > 0, define

1
d(y) = — h(—is)y~*ds. 8.9
(y) =5 - (—is)y~°ds (8.9)
Then ® belongs to C(R1)Y, is independent of o, and
M;:® = h(t)

for all complex numbers t with | Im(t)| < A. If we also define ®(0) =0, then ®
is continuous on [0, 00).

Proof. In view of Proposition BI1] it only remains to verify the continuity of ®
at y = 0. This will be done in greater generality in the next proposition. O

Proposition 8.13. Suppose 0 < ¢ < min(B—1, A) is an integer, and o is a real
number with |o| < A. Then the function ® defined in [B9) has a continuous
L-th derivative on [0,00). In fact, for y >0,

£—1

0w - [ (I

k=0

(—s— k‘)) h(—is)y *"*ds. (8.10)

The above integral is absolutely convergent and independent of . For y = 0,
®0(0) = 0. Lastly,
o (y) <o (1+y) 47" (8.11)

Proof. Suppose 0 < j < /¢ < B —1, and write s = 0 + it. We have

‘(ﬁ(—s—k)) h(is)| < o Mimolsl +0) _ o Thico(A + 1t +£)

H P e CER T

< (8.12)

Letting £;(s) = (Hi;é(—s - k;)) h(—is), we see from the first inequality in
BI2) that &(s) < W, so it satisfies (8] with B replaced by B—j > 1.
By Proposition B0, the right-hand side of (810) is absolutely convergent and
independent of o.

Given y > 0, let yo = y/2, y1 = 2y. Then y € I = [yo,y1]. Define Y = yp
ifo+7>0,Y =y if o +5 <0. Then by ®I2), |¢;(s)y* 7| < F;(t), where

g1 , .
Fj(t) = Cj%lfﬂ’ﬂ < (14 |t])~B=9) is integrable since B — j > 1.

Thus by Corollary 841
d* 1 T
L py) = — h(—i d
) =5 [ hin s
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where the integral is continuous in y > 0. This proves (8I0). Furthermore,
taking y = 2™,

1 —27r(U+€

—s—0 —2mity
— ds = ——— t dt.
271 Jpeass W B / slo +id)e

Choose ¢ such that —A < o < —¢. Then

d( —27r(<7+€ Comit
_ — T - ity
yllgl-*- dy ®< ) UEI_noo / f@ o+ lt) dt =
The ¢-differentiability of ®(y) and the continuity of the ¢-th derivative at y = 0
now follow by Proposition
To obtain the bound (BII)), first suppose y > 0. Then

/—1
-5 — —is)y st
ﬁ;ha<fh kﬁh( Yy

k=0
since B—/ > 1. The implied constant is independent of o, so we can let ¢ — A~
to obtain <I>([)(y) < y~47f The desired bound then follows by Proposition
3.0l O

dt
d —o—/ —o—¢
|ds| <oy /Ri(lﬂtl)f” <y,

For u > 0, define
Q(u) = 2(y), (8.13)

where y = y(u) = 2tutvidutu? W > 0. Note that in the other direction, u =
y+y -2

Proposition 8.14. For y(u) as above, and any nonnegative integer £,

yO(u) < w1 foru> 1.

y'(u) = % (1 + 2+u)> < 1,

Proof. We have

u(d+u
W) = - < u !
(u(d+ )2
For ¢ > 3,
{—2 dz —3/2 d£ 2— 1(u_|_4) 3/2 o e+t
=23 (1) I e,
where (7;) is the binomial coefficient. O

Proposition 8.15. The function Q(u) is continuous on [0,00). Suppose 0 <
¢ <min(B—1,A). Then Q(u) is {-times continuously differentiable on the open
interval (0,00), where it satisfies

QY (u) <¢ (14+u)~47¢ (8.14)
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Remark: In Corollary below, we will show that if £ < min(B — 2,4 — 1),
then the above assertions also hold at the endpoint v = 0.

Proof. The continuity of Q(u) = ®(y) is immediate from that of ® and y(u).
Because ¢ < min(B — 1, A), ® has a continuous ¢-th derivative by Proposition
RI3l By Proposition B9 @ has a continuous ¢-th derivative on (0, 00).

When ¢ = 0, the bound (8I4) is immediate from (8II]) and the fact that
y(u) ~ u. Suppose £ > 0. By Proposition B (8TIT]), and Proposition [814] for
u > 1 we have

dl df 14
QW) = o) <y YT 2wy () ()

r=1 aytag+-+ar=¢
£2a1> - Zap>1

¢
<y Z Z (1 +y(u) Ay atl o ymartl =40

r=1 aytag+--+apr==¢
tzay12--2ar21

since y(u) ~ u. The bound ([8I4) follows for all u > 0 by Proposition O

Proposition 8.16. Suppose B > 2 and A > 1. Then the function
1
Viu) = 77/ Q' (u + w?)dw (8.15)
T JR

1s absolutely convergent and continuous for w > 0. In fact, for any nonnegative
integer £ < min(B —2,A — 1), V(u) has a continuous (-th derivative given by

VO (u) = —%/ QY (u + w?)dw, (8.16)
R

the integral converging absolutely. Furthermore, for all u > 0,
VO () < (1+u)~ 43, (8.17)

Remark: When u = 0, the integrands of (815 and (8I0) may be undefined at
w = 0, but the integrals still make sense.

Proof. Suppose 0 < k < min(B —2,A —1). Then k+ 1 < min(B — 1, A), so by
Proposition BIH @ is (k 4 1)-times continuously differentiable on (0, 00), and

QU (u+w?)| < Crl+u+w®) A <Ol 4w?) 47 (8.18)
for u > 0, where C}, is a positive constant. Now apply Corollary B4l with y = u,
t=w, f(t,y) = Q' (u+ w?), and Fy(w) equal to the right-hand side of (BIX).

The equality ([8I6) and its continuity and absolute convergence follow.
To obtain the bound (BIT), we observe that

1
VO (u)] < ;/ QU (u + w?)|dw <, / (1+u+w?) 4w
R R

98



= (L+u)~ 4 / (1+ (1 +u)” 2w)?) 4~ dw
R

=1+ u)fA*Z*% / (1+ wz)*A*Z*Idw < (1+ u)*A*‘*%. ]
R
Proposition 8.17. Suppose B > 2 and A > 1. Then for all u > 0,

/ V(u+ 2?)de = Q(u), (8.19)
R

the integral converging absolutely.

Proof. Under the given hypothesis, we can take £ = 1 in ([814) to give

// |Q/(u+x2+w2)|dwd(£ <<g/ /(1+u+m2+w2)7A71dwdx
RJR R /R

[eS) 2 [eS)
:/ / (1+u+r2)" A 1rdodr = 27r/ (1 +u+r*) "2 rdr < .
o Jo 0

(The bound for the integrand we applied is valid whenever u + 2% + w? > 0, i.e.
for almost all z,w.) Therefore the integral in (8I9]) is absolutely convergent.
It defines a continuous function of u > 0 by Proposition B2l since V (u + 22) <
(1 4+ 22)~4~2 by ®I7), the latter function being integrable. Furthermore,
assuming u > 0,

/V(u—l—xQ)dw:—l/ / Q' (u + 2° 4+ w?)dwdz
R T J/RJR

=-2 /OO Q' (u+r*)rdr = —Q(u + TQ)‘ngo = Q(u). (8.20)
0

I

In the last step we used [8I4]) with £ = 0. This proves (8I9) for « > 0. Our use
of the fundamental theorem of calculus in (820) may not be valid when u = 0,
due to a possible discontinuity of the integrand at » = 0 in that case. However,
because both sides of the proposed equality ([BI9) are continuous functions of
u > 0 which agree for all v > 0, they are equal when u = 0 as well. O

Corollary 8.18. If { < min(B — 2, A — 1), then Q € C*([0,00)), and (8I4)
holds for all u > 0.

Proof. By ®IT), VO +u+22) < (14 22)~4~¢~3. Since the latter is inte-
grable over R, we can differentiate (8I9]) under the integral sign (cf. Corollary
B4) to obtain the result. O

Proposition 8.19. Suppose B > 2 and A > 1. Let f be the function on G(RT)
corresponding to V as in (83). Then for |Imt| < A, the Selberg transform of
f is absolutely convergent and equal to h:

(SHit) = MiHf = h(t).

Proof. By Proposition BI7, BI0), and @I3), (Hf)(y) = Q(u) = ®(y). By
Proposition 812, M;;® = h(t). O
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8.2 Smooth truncation

In this section, we suppose h(t) satisfies (81 for some B > 2 and A > 1, and
continue with the same notation from the previous section. We will need to
truncate V in a way that preserves its differentiability. This requires a smooth
bump function.

Let p: R — [0, 1] be a smooth function such that:

(i) p(x) =0 for z <0,
(ii) p(z) =1 for x > 1.

For T > 0, define

1 if o] < T,
pr(z) =< p(T+1—|z|) fT<|z| <T+1,
0 if |z| > T+ 1.

Then pr is a smooth bump function with support in [—(7 + 1), T 4 1]. Letting
pr = 1 — pr, the graphs of pr and pr are given below:

y = pr(x) y = pr(x)
—(T+1) T+1 T T

For 7 > 1, pgz)(ac) =0 unless T < |z| < T+ 1. Thus pgz) < XiT,7+1) on R>o,
where x; denotes the characteristic function of the set I, and by construction
the implied constant is independent of 7.
For u > 0, define
Vr(u) = V(u)pr(log(1 + u)).

Define _

Vr(u) = V(u) = Vr(u) = V(u)pr(log(l +u)).
Let fr (resp. fT) be the bi-K.-invariant function on G(R)™ corresponding to
Vr (resp. ‘~/T) as in ([B3). Because Vr is compactly supported, the support of
fr is compact modulo the center.

Given the functions ®(y) = Q(u) attached to h as in the previous section,
we let @7 (y), (resp. D1 (y)) be the Harish-Chandra transform of fr (resp. fr),
and set Qr(u) = ®p(y) and éT(u) = <T>T(y), where u = y +y~! — 2. Lastly,
we define hp(t) (resp. hp(t)) to be the Selberg transform of fr (resp. fr) as
in Proposition By the linearity of the various integral transforms, in each
case we have the relation Oy = O — Op.

Suppose £ < min(B —2, A —1), so that by Proposition BI6, V € C*([0, >)).
Then Vr € C%([0,00)), so by Proposition B2 fr € CY(G*//K), and by
Proposition 3.6, hy € PW*(C)even,
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Proposition 8.20. Suppose B > 2, A > 1, and 0 < ¢ < min(B - 2,4 —1).
Then for u > 0,

Vi () <o (14 )47 Expro0) (log (1 + w)). (8:21)
Proof. For j > 1, Proposition B.7] gives

& ! , i ara
Sprlog(l+u) <5y D0 pi (log(l+w)(1u) e
r=1 ay+taz+--+ar=j
r>a)>ag>ap>1

< (1 +u) I xpr 41y (log(1 + w)).
By the bound (BI7), for u > 0 we have

dl
~duf

0 _
iVT(U)

L
i V(u)pr(log(1+u)) =D (f) VD () (log(1 + u))

i=o M

14

<o (1) ™A 2y g ) (log (1) + > (1) ™A= 3 (1hu) ™7 X ) (log (1+u)
j=1

1
2 X(T,00) (l0g(1 + u)). L
Proposition 8.21. Suppose B > 2, A > 1. Then for u >0,

< (T4u)=4¢

@T(U):/Rf/T(Uer%dw.

In fact, if 0 < < min(B — 2, A — 1), then Qr has a continuous (-th derivative
on [0,00) given by

0¥ (u) = / V9 (u + w?)duw, (8.22)
R
the integral being absolutely convergent and continuous. Further,
~ () Eyr(u)
|QT (U)| S (1 ¥ u)A+ev (823)

where Epr(u) <, 1 is a nonzero measurable function with %iglo E;r(u)=0.

Proof. Let Cy > 0 be the implied constant in (82I]). Then for 0 < k < £,
Vi (u+w?) < Ci(1+u+w?)™A7F3 < O (1 + w?) =470 5,

Letting Fj(w) denote the latter expression, we apply Corollary 84l to conclude

that ([822]) holds and is absolutely convergent and continuous.
It remains to establish the bound (823)). By the previous proposition,

’/ ?%e)(u—i—wz)dw’ S/ C’gX[T’oo)(log(l—i-u—l—wQ))(l+u+w2)_‘4_é—%dw
R R
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=1+ “)_A_e_%ce/ Xm0y (l0g(1 + w + w?) (1 + (1 +u)"2w)?) "4~ 2 duw
R

=(1+ u)*A*ZC’g/ X(T,00) (log (1 +u + (1 + u)wz))(l + wz)fA*E*Edw.
R

Let
Eor(u) :cg/ Xty (log(1 +u -+ (1 + ww?))(1 + w?) A~ dw.
R

Note that
|Eer(u)| < Ce/ (1+ w2)_‘4_£_%dw < 0.
R

By the dominated convergence theorem, Tlim E;r(u) = 0. This completes the
— 00

proof. U

Corollary 8.22. Suppose B>2, A>1, and 0 < ¢ <min(B —2,A—1). Then
for v e R we have

d* =~ 2 2 Eé r([v])
“ ) —2mv _ 9\| < ,
du’ QT(e +e ) — (627rv + 6727r'u)A’

where By r(Jv]) < 1 is a nonzero measurable function with Tlim Eyr(v]) = 0.
— 00

Proof. When £ = 0, the assertion is immediate from ([®23)), taking EO,T(M) =
CoEor(e*™ + e=2™ — 2) for a sufficiently large constant Cp. Suppose now

that ¢ > 0. Using Proposition 87 and the fact that %(62” +e7 2 2) &
€2™ 4+ 72 we have

dt ~ L 0 |
WQT(€2wv+e—2ﬂv_2) <y ZQ&)(eQﬂv+e—2wv_2) Z <627rv+6—2m;>7.
r=1

aj+tag+-Far=~L
€>a122ar>1

By the bound (B23)), this is

¢ ET)T(eQTrv + e—27rv _ 2)(6271'1) + e—27rv)r Z£:1 ET,T(eQTw + 67271'1) _ 2)
< Z (627”1 + e—2mv _ 1)A+r < (627rv + 67271'11)14
r=1

Thus we can take Ey7(|v]) = Cy Zle E,.1(e?™ + e=2™ — 2) for a sufficiently
large constant Cy. O

Proposition 8.23. Suppose B > 2, A > 1, and 0 < ¢ < min(B — 2,4 — 1).
Let 0 < A" < A. Then there exists a positive real number Er such that for
[Imt| < A,

Eor

lhr(t)] < A+ [

li =0.
and A Eor=0
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Proof. Write t = x + i with |§] < A’. Then

%T(t) = MitiT = 271'/ @T(BQM + e 2mv _ 2)62mt”dv
R

— 27‘(‘/ @T(€2ﬂ'v + 672771) _ 2)6727rvﬂ6277iv1:dru.
R

Since this is a Fourier transform, we can bound it using Proposition B8 First,
by the above Corollary,

dé
v’

4
di ~
= E <> 271'5 5 ig 72ﬂvﬁdszT(62ﬂ-v+672ﬂ-v72)

=0

(éT(e%rv + e—2mv _ 2)6—27rv6)

e A
/ E; d
ey il

27v —2nv)A’
e e
~ + )

Let Cy be the implied constant in the above inequality.
By Proposition B8 for |z| = |Re(t)] > 1,

|hT()|7W/R

Since 1‘+\|t| < w |z]71 + 1 + |2| 71 8] < 2+ A, the above is

dé

W(@T(e%rv + e—27r'u _ 2)6—27rv5) dv.

27TA v
(1 + |t| 27T Z 627rv + e—27rv)A
which converges since A’ < A. On the other hand, if |z| = |Re(t)| < 1, then

T+t <1+ z[+|8 <2+ A4, s01< 24

)f
(e and

hp(t)| < 27r/ Q7 (2™ + e72™ — 2)|e= 2Py
R

o2m(2+ A)t / 2™ A Fo p(|o])do
- (1+|t|)[ R (627rv_|_e—27rv)A :

Hence if we define

)

27rA’vEI d C (2 + A £ QWA’in d
5Z,T = 27T(2 + A)e/ < D) O,Ti(lel)AU f( +£ ) / ‘ 2 ,'1;(2|’U|)AU
A O D) N

then |hp(t)] < for all ¢ in the strip |Im(¢)] < A’, as needed.

(1+\t|)2
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Using EZT(|U|) <y 1, by the dominated convergence theorem we have

627“4/” limT Eo T(|’U|)d’l}
lim &1 =272+ A)° oo 0,
Am o =2m(2+ 4) /R =y

2+A QﬂAvhmT_H)o i,T(|U|)
Z/ 627r'u + e~ 27TU)A dv = 0. 0

8.3 Comparing the KTF for h and hp

We set the following notation for the various terms in the KTF, together with
their absolute value counterparts (see Theorem [Z.14] for notation):

Spec, (h) = Z Au(W)) @, (W) am, (us) — h(t;)

¥ [, cosh(mt;)

Spec{(h) = Z

Au(Uj) @my (ug)am, (uj) — hi(t))

e [le]12 cosh(rt;)
A (x’l,xé,it)cm(xllvxéaml)ﬂit(xll7X'27m2)(%)“h(t)
Specy(h Z Z i 12 IL(1+2it,51%5 D2 dt,
x1 X2 (ip)
|)\ (Xl X2slt)o'zt(Xl:ngml)o'it(Xsz m2)(::;)”h(t)‘
Spec (h Z >/ o I2 LA+ 251K, P dt,
X1,X2 (ip)
—_—— 1 (o)
Geoy (h) = T (my, ma, )t (N)w' 73112‘1)—2/ h(t) tanh(rt) t dt,
™ — 00
1 oo
Geo () = T(my,ma, w0 (V) ' (1/%2)| =5 [ h(o) tami(re) ] at,
m — 00
21¢(N) Sw/(m2 miy;n; C) /oo 4w /amim h(t)t
e n) = 5 y Iy Jz ( \/nmy 2) dt,
eoz(h) T e%zz+ ¢ L ¢ cosh(t)

dt.

Gty = 220 5~ [Sutmaminicl

C

0 h(t)t
- (4xamims
oo Jait ( ¢ ) cosh(m‘)‘

ceENZ+

Proposition 8.24. Suppose h satisfies 81) for some A > % and B > 2. Then:
(i) Specg(h) < 00, (ii) Geof(h) < oo, and (iii) Geog(h) < co.

Remarks: (1) Allowing § < A < § rather than A > 1 comes at a price, namely,
the Kloosterman term may no longer be O(N¢) (which holds when A > 1), but
instead only O(Nz=%) for any 0 < § < 2(A — ).

(2) It is known that Speci(h) < oo under the above conditions as well. See the
remark after Proposition [Z.5] where we explain why B > 3 suffices.
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Proof. The proof of assertion (i) follows the same outline as that of Prop 7.6,
although Lemma 7.5 is not needed since Specg(h) does not involve Bessel func-
tions. One obtains an estimate like (Z.I6]), but without the factor of (1 + 2|t|)2,
so that B > 1 suffices. The holomorphy of h is not needed here, so any value of
A is allowable. Assertion (ii) is trivial since h(t) is integrable and | tanh(7t)| < 1.
Assertion (iii) follows from the proof of Prop 7.11. It requires A > i and B > 2.
At the end of the proof, one can take oo = ; +¢& < min(4, 1) to obtain an ex-
ponent of 1 + 2¢ in place of 1 — ¢ in (Z28). Then in place of (Z.29), for any
¢’ > 0 we can obtain the bound

1 7(c) NtTNINT 7(c) 1o
<Y(N)eZ Y cres S T NITes > clt2e O(NzT275).
ceENZ+ ceZt

This proves the proposition. The bound asserted in the remark follows upon

observing that § = 2¢ — ¢/ can assume any positive number less than 2(A — 1)

when A < % O
Proposition 8.25. Suppose ¢ > 12 is an integer for which
Specy (re) < oo, (8.24)

where ro(t) = W Let B> {¢+2 and A > ¢+ 1 be real constants. Then for
any function h satisfying [&1)) with these values, the KTF is valid:

Specy (h) 4+ Specy(h) = Geoy (h) + Geog(h).
Proof. Using the fact (Proposition 7)) that all of the spectral parameters of
L3(N,w') satisfy |Im(t;)] < 3, we apply Proposition B23 with 1 < A’ < A,
giving ~

Speci (h — hy) = Spec{ (hr) < & 1 Speci (r¢) (8.25)

for ¢ as in (824). Noting that hr(iz) € PW*(C)®v*" with £ > 12 (see the
discussion just before Proposition R20), Proposition gives Specy (hr) < oo.

Thus by (825),
Spec?(h) = Spect(hr + hr) < Spect (hr) + Spect (hr) < oo.
Hence Spec; (h) exists. Because Tlim Eer — 0, using (825 we have
— 00
lim |Spec, (h) — Spec, (hr)| = lim |Spec, (hz)| < lim Spec?(hs) = 0.
T—00 T—o0 T—oo

Hence
lim Spec, (hr) = Spec, (h).
T—o0

Now let X denote Specs, Geo{, or Geoj. Then by Proposition B23]

X(ET) S 5@7TX(77).
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Noting that r, < hg, where the function hy = W satisfies (8] with A =1
and B = ¢ > 2, we conclude from Proposition that the above expression
is finite. By the same reasoning as for Spec;, we see that X (h) exists, and is
equal to Th_r)réo X (hr). Because the KTF is valid for A, it follows that

Geoq(h) + Geos(h) = (Geoy (hr) + Geoa(hr))

lim
T— o0

(Specy (hr) + Specy(hr)) = Spec, (h) 4+ Specy(h).

= lim
T—o0
This completes the proof. O

Proof of Theorem[81l The theorem follows immediately by the fact that one
can take ¢ = 12 in Proposition R25l See the remark after Proposition [.5] or
for a self-contained proof of this fact, see Proposition [B.34] below. O

8.4 Ry(f) for f not smooth or compactly supported

In this section and the next, f will denote a function on G(A), rather than
on G(R)T. The purpose of these sections is to prove that Ro(f) is a Hilbert-
Schmidt operator under certain mild assumptions on f. See Proposition B3Il
The discussion that follows is independent of the material in the previous sec-
tions. In particular, we do not assume (1)) or equivalent bounds unless explic-
itly stated.

Throughout this section let f = fo, X fan be a complex-valued function on
G(A), with fo bi-K.-invariant, supported on G(R)™", and satisfying

a b (ad — be)*/?
Joo! (c d>) < (a2 + b2 + 2 + d? + 2(ad — be))/? (8:26)

for some a > 2. Here a plays the role of the weight k in §18-19 of [KL2]. The

above is equivalent to
1

(u+4)e/2’
where V' is the function attached to fo in (82). We do not assume that f
is smooth, although eventually we will require it to be twice differentiable. We
assume that fg, is locally constant and compactly supported modulo Z(Ag,),

and that f(zg) = w(z)f(g) for all z € Z(A) and g € G(A). In fact, we shall
assume that

V() < (8.27)

Supp(fin) = Z(Agn) K'6K’ (8.28)

for some § € My(Z) and some open compact subgroup K’ C Kz, under which
ftin is bi-invariant. This entails no loss of generality, since any function fg, as
described above (B28) is a finite linear combination of functions as in (828]).

Proposition 8.26. For f as above, f € LI(G(A),w) for all g > 1.
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Proof. Let fo((%)) denote the right-hand side of [B26). As a function of
G(R), it is bi-K-invariant. Indeed, the right or left action of K, on the space
of matrices My (R) = R* is unitary, so it preserves the norm a? 4 b + % + d2.
Therefore it is convenient to integrate using the Cartan decomposition (B2).
For p =2 > 1, we have

2p 2p o $1/2 2% 2
L o< [ iR < [T et

(see e.g. the integration formulas (7.27) and (7.23) of [KL2]). The latter integral

oo 1—¢2 * 1
= / —( ) dt = / —du < 00,
1 (tHtl 4 2)pe 4 U

is
sincepzéanda>2. O

By the above proposition, f € L'(G(A),w). Therefore it defines an operator
R(f) on L?(w), given by the kernel

K(g1,92) = Z Fg1 1 vg2)-
7EG(Q)

We will work with Arthur’s truncated kernel KT (g1, g2), defined as follows. For
T > 0, let 7 : G(A) — {0,1} be the characteristic function of the set of
g € G(A) with height H(g) > T. Then

K" (g1,92) = K(g1,92) — Z Z (

5€B(Q\G(Q) neM(Q)

= > ot - D>, D, (

vEG(Q) SEB(Q\G(Q) neM(Q)

f(gflun@a)dn) 2 (0g2)
(8.29)

flor lunégz)dn> 7r(6g2).

N(A)

N(A)

This is a function on G(A) x G(A), but it is not hard to see that it is well-defined
on (B(Q\G(A)) x (GIQ\G(A)).

Proposition 8.27. For all g1,go € G(A), K¥ (g1, g2) is absolutely convergent,
i.e.

> el Y X [ Urtar umbgn)ldnr, (Gg2) < .
VEG(Q) SEB(Q\G(Q) pem(@) ¥ VA
Furthermore, the above is bounded on compact subsets of G(A) x G(A).

Proof. By Proposition 18.4 of [KL2] and the discussion following its proof, the
sum over -y is convergent, and in fact continuous as a function of (g1, g2), so
the assertions hold for this piece of the function. For the same reason, the
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sum Y-, > en(q) |f (g7 ' um'ndgs)| converges to a continuous function of n €
N(Q)\N(A). Therefore it is integrable over the compact set N(Q)\N(A), i.e.

[ Y et minbgn)lin =" [ |f(er unbge)ldn < o
N p

@\NA) T eN(Q) N(a)

By Lemma 17.1 of [KL2], 7,(dg2) # 0 for at most one § € B(Q)\G(Q). In fact,
since KT is left G(Q)-invariant as a function of go, we can assume that go lies
in a fixed fundamental domain for G(Q)\G(A), so the set of § that contribute
to the sum is finite and independent of g, ([KL2], Proposition 17.2). The first
assertion of the proposition now follows immediately. From the fact that the
expression is a finite sum of functions of (g1, 92) € G(Q) x G(A), each of which
is a product of a continuous function with a characteristic function, we see that
it is bounded on compact subsets. O

Let Ko ) denote the set of matrices ( _°%% $n9) with 6 € [0, 7). Then

—sinf cos 6

e 1 z\ (y'/?
Fd:f{<0 1)( Y12 k\xe[—%,%],y>0,x2+y2zl,keK[O’w)

is a fundamental domain in SLo(R) for the quotient SLg(Z)\ SLz(R). This
means that the projection F' — SLa(Z)\ SLy(R) is surjective, and injective
except on a set of measure zero. The set Z(R)T F is then a fundamental domain
for SLy(Z)\G(R)™, and it follows (from strong approximation for G(A) and the
“divorce theorem” on page 101 of [KL2]) that the set

§=Z(R)*F x Kgn
is a fundamental domain in G(A) for G(Q)\G(A). The subset
Tg = F x Kgq

contains a fundamental domain for Z(A)G(Q)\G(A), and can be used as a do-
main of integration for the latter quotient ([KL2], Corollary 7.44). Let L?(F,w)
be the Hilbert space of measurable functions ¢ : § — C such that

o ¢(zg) =w(2)p(g) forallge Fand 2 € Z(A)NF=Z(R)" x 2*7
o 10l = [ lolo)Pdg < .

Lemma 8.28. Let § € My(Z) be as in (82R), and define D € Z+ by DZ =
(det 8)Z. Suppose
Flor ' n(§1)g2) #0

for some g1,92 €T, p € M(Q), andt € A. Then tg, € %2 and | € Z(Q)(“ d)
for integers a,d > 0 with ad = D.
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Proof. Consider the finite part fa, (k7 'p( ) 5= ) ko) # 0. By (B28), there exists
B € Af, such that

det u € B?DZ*.
By strong approximation for the ideles ([KL2], Prop. 5.10), Af = Q*Z*, SO
B =rp’ for some r € Q* and B’ € Z*. Therefore

r=2detpu e DZ* N Q*={D,-D}.

Writing r—'p = (“ d) € M(Q), we have ad = +£D. Replacing r by —r if
necessary, we can assume that a > 0. Now kfl(“ d) ((1J tfl“’ )kg € Supp(fan), and

since its determinant belongs to DZ*, we see that its Z(Agn) component as in
(828) must belong to Z*. It follows that k' (2“5 )ky € My(Z), and hence

0
(& %n) € My(Z). This means that a,d € Z and tg, € +Z C £Z. Finally, the
fact that f. is supported in G(R)T implies ad > 0, so ad = D. O

Proposition 8.29. Let f be as described at the beginning of this section, and
suppose in addition that fo is twice continuously differentiable. Let V be the
function on [0,00) attached to fo as in [B2). Suppose there exists € > 0 such
that for all u > 0,

! 1 —1—e
V(u),V'(u) < (1+u) (8.30)
V”(u) < (1 +u)—3/276.
(The bound on V(u) is already a consequence of [827).) Then
||KT||§><G(Q)\G(A) = L[ B |KT(gla92)‘2d92dgl < 00, (8'31)
T JG@\G(A)

or equivalently,
KT = [ [ 1K 01,90 Pdgadgs < o
TYTS

Remark: We do not assume that V is differentiable at the endpoint u = 0.

Proof. The proof is somewhat involved and will be given in the next subsection.
It basically follows §19 of [KL2]. O

Under the hypotheses of the above proposition, we can define a map Tgr :
L?(w) — L3(F,w) by

G(Q\G(A)

Tyerdlg1) = / K" (91, 92)(g2)dgs.

Let r : L?(F,w) — L*(w) be the map defined by r¢(G(Q)g) = ¢(g) for a.e.
g € 5. (The set of points g € §F for which ¢(g) is not uniquely determined by
G(Q)g has measure 0.) Because § is a fundamental domain for G(Q)\G(A),
the map r is an isomorphism. By identifying the two spaces in this way, we
can abuse terminology and refer to Txr as an operator on L?(w). For future
reference, we let L3(F,w) be the preimage of L3(w) under r.
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Corollary 8.30. The map Tgr : L*(w) — L?(F,w) = L?*(w) is a Hilbert-
Schmidt operator. The Hilbert-Schmidt norm || Txr || % is equal to (B3]).

Proof. This is a consequence of ([83I]). (See [RS] Theorem VI.23). O

The next proposition shows that Tkr coincides with R(f) on the cuspidal
subspace, and it then follows from Corollary B30 that Ry(f) is Hilbert-Schmidt.

Proposition 8.31. Suppose the hypotheses of Proposition are satisfied.
Then Tgr|r2w) = R(f)lzzw) = Ro(f). As a result, the operator Ro(f) is
Hilbert-Schmidt.

Proof. Let ¢ € L3(w) and g; € §. Then

R()é(gn) = [ K (g1.92)6(92)dg,

G(Q\G(A)
where the integral converges absolutely since f € L'(w) (cf. (10.7) of [KL2]).
Thus by the linearity of integration, Trr¢(g1) is equal to

Rpoo)- [ % Z(

G@\Ga) PEBQ\G(Q) neM(Q)

f(gflun5gz)¢(gz)dn) 2(592)dgs.

N(A)

It suffices to show that the second term vanishes. At the end of the proof, we
will verify that it is absolutely convergent, so we can rearrange the sums and
integrals. Granting this for the moment, by the left G(Q)-invariance of ¢, the
second term is

/ S % [ e undgn)dn oG G (832
N(A)

GQN\G(A) 5¢B(Q\G(Q) neM(Q)

= / F(97  unga)dn ¢(g2)7r(g2)dge
B(Q\G(A) , cnr(q) Y NA)

Flgr unn’ g2)dn ¢(n' g2) 7 (1 g2 )dn/ dgs

/B(Q)N(A)\G(A) /N(Q)\N(A) pedr(@) Y N (&)

- / / F(g7 pingz)dn S(n' g2)7e (g2)dn dgs
B(Q)N(A)\G(A) JN(Q)\N(A) LEM(Q) N(A)

/B(Q)N<A)\G(A)

This vanishes because ¢ is cuspidal, and hence Txr¢ = R(f)¢ as needed.
It remains to prove the absolute convergence. By Proposition B.27],

flg1  umg2)dn ( / ¢(n’gz)dn'> 7r(g2)dga-
N(A) N(Q)\N(A)

reEM(Q)

Op(g2) = D> > |f (g1 ' undg)|dnTr(8g2)

5€B(Q\G(Q) neM(Q) ¥ VA
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is convergent, and bounded on compact sets. We will show that it is square-
integrable (and in fact bounded) as a function of g2 € G(Q)\G(A). Partition
the fundamental domain § as

§ =81 U3, (8.33)

where §1 = {g eEF|H (g)f T}, and %T is its complement. Correspondingly, we
set §=3Jr U %T. Clearly §T is compact. In particular, ®4, is square integrable

over §r.
For g2 € §7, T72(0g2) # 0 only for 6 =1 (see e.g. [KL2], Lemma 17.1), so

Oy (g2) = Y / f(gr tumga)ldn (g2 € Fr).
N(A)

nEM(Q)

. . 1z y.1/2
For ¢ = 1,2, write g; = ( zf)( : ,1/2)7‘¢xki for z; € R,y; > 0,1, € Koo,
Yi

and k; € Kg,. By Lemma [R28]

AR |

a|D,a>0, (R)
ad=D

| foo (910 (* 4 ) 9200 |dn/ | fan (k7 (* g )nka)|dn,
N(H2)

where N ( ) ={(§1)It € £ 2} The finite part is obviously bounded by
meas( DZ) D. For the infinite part, we refer ahead to the bound (838) in the
next section (the proof there for f works just as well for |f]), by which for any
given € > 0,

1
ek (y1y2)*

Dy, (92) <
e N T S

<g; 1 (yg > T)

It follows that ®,, is square-integrable on the finite measure space Fr, and
hence B
®,, € L*(3), or equivalently, ®,, € L*(G(Q)\G(A)).

Therefore by Cauchy-Schwarz, for any ¢ € L?(w),

[ anopos<( [ enera) ([ lewra)” <

GQ@\G(A) GQ\G(Aa) GQ\G(A)
This proves that (832)) is absolutely convergent. O

Corollary 8.32 (Theorem [64). Suppose f = foo X fan € CT(G(A),w) for
m > 2 and foo bi-Ko-invariant. Then Ro(f) is a Hilbert-Schmidt operator.

Proof. Because m > 2, V is twice differentiable on the open interval (0,00)
(Proposition BI). Since it also has compact support, it trivially satisfies (830).
Hence the result follows from Proposition [R.311 O
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Corollary 8.33. Suppose h satisfies (81)) with A > 3 and B > 4. Let f =
foo X fin for foo corresponding to h, and fan as described below B2T). Then
Ro(f) is a Hilbert-Schmidt operator.

Proof. By Proposition B16, V satisfies (830). Therefore the result follows by
Proposition R31l O

Proposition 8.34. Let ry Then in the notation of Proposition[8.23,

Speci(rg) < oo if £ > 9.

_ 1
ORI i

Proof. (See also the remark after Proposition [[El) Given ¢ > 9, fix any
A > 3, and let h(t) = W. (The purpose of 442 is to ensure that h
is holomorphic on |Im(t)| < A.) Let f = fo x f! for f, corresponding to
ho(t) = (4A% +t2)=(¢=1/4 and f! the identity Hecke operator on G(Agy) (cor-
responding to n = 1). Then Ro(f)@u, = ho(t;)pu, for all Maass cusp forms u;.
It is not hard to show that hq satisfies (81 with B = = > 4. By equation
(m)’

1+ [t51) 1
Specf(r¢) < Specf(h) < Z |4A2 2| <) 4AZ 1 2|2
J uj J

= Z lho(t)1> = [[Ro(f) |75 < o0
The last step follows from Corollary B33 O

8.5 Proof of Proposition [8.29
Here we assume that (830) holds. Set

g1.92) = Y flor'vg2), (8.34)
V€B(Q)
and
2 (91,92) Z (90" v92)— D> > (/ f(gflunégz)dn> 72(0g2).
cBQ seB@\G(Q) nerr(q) \Y N(A)
(8.35)
Then

K" (g1,92) = Ki(g1,92) + K2 (g1, 92)-

We will show that each of these terms is square integrable over § x .
For g; € SLo(R) X Kqy, € G(A), we write

1 2 y1/2
g; = ( f) g ~1/2 r; X ki, (836)
Yi

where z; € R,y; > 0,7; € Koo, k; € Kgy,. Note that if g; € §, then z; € [—%, %]

and Yi > @
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Lemma 8.35. Given o > 2 as in ([B20), then with notation as above, for
g1,92 € § we have

1 1

-1

Z £ (91 792)| <a a/2—1 aj2—1 + /2 aj2—1°
~¢B(Q) Yy Yo Yi' Yo

Proof. In view of (18.7) of [KL2|, the result holds by (18.3) and (18.4) of [KL2]
Lemma 18.3 with C; = {g1}, Co = {g=2}, L1 = (yg/yl)l/z, Ly = (yl/yg)l/z, and
Ly = (y1y2)/2. O

Proposition 8.36.
[K1ll5xs < 0.

Proof. The square [|Ky[|3, ; of the L*-norm is

IXTF
2 2
L[ dgl@QS//( Z |f(91_1V92)|> dgidga.
K K

v¢B(Q)
By the above lemma, the latter expression is

2
oo p1/2  poo /2 1 1 dx1dydxodys
< s va a/2-1 a/2—1 T /2 a/2—1 2y3
B2 B S22 \yy Yo Y1 Y2 R

Z fgr"v92)

v¢B(Q)

<</ N2 ¢ . O
33 Yt Ys

It remains to treat K37 (g1, go), for which v € B(Q). When g1,92 € &, we
can assume that det~y > 0, since otherwise fo, vanishes. Thus, for p € M(Q)*
we define

Fanan® = 1o (1)) (tea)

Given g1, g2 € §, we will require bounds for the Fourier transform

Fli91.90 (r) = /A Fli91.90 (t)0(rt)dt < DF#’glng,OO(TOO)' (8.37)

Here we have bounded the finite part by D as in the proof of Proposition B3T]
and F g, g,.00(Too) = [g foo (d1on (& 1) 9200 )€(—Toot)dt is the archimedean part.

Lemma 8.37. Let g1,92 € SLao(R) be of the form of [B3Q) (but of course
with no G(Agan) component), and let p = (" d) € M(Q)*. Suppose V satisfies

B30) for w > 0. Then

d d o

~ Y1Y2 [ aya 1

7 0 ay2 . 8.38
,91,92, ( ) < \/T (dyl + ay2 > ( )
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If, in addition, ays # dyi1, then for real v # 0 we have

5 _ a
Fligi,ga,00(r) <1 2\/;- (8.39)

If V satisfies 830N also at the endpoint w = 0, then [B39) holds even when
ays = dy.

Proof. We have

fototin (1 1) o) = el e i dn an ta)),
oo\Y100 1 0o [ 0 yi/2y71/2d
ayo dy;  (—dwy + avy + at)?
=V(—+ — —2). 8.40
(dyl ays ady1y2 ) (8.40)
The Fourier transform is thus given by
~ ays dyy  (—dxy + axy + at)?
F Oorz/V——l—f—F — 2)e(—rt)dt
;91,92 ( ) R (dy1 ayo ady1y2 ) ( )

ays  dy at? dxq
= | V(2 + =4 —— -2 b+ =)t
/R (dyl ay2  dyiye Jel=r ? )

dry ays  dyp at?
_ _ -2 t)dt
elr(: ))/ V(dy1 Ty ays * dy1y2 Jel=rt)

d d
— o xg—ﬂ )Y/ ylyz/ Agygs +2)e(—ry/BWatzyd,  (8.41)

— ay2 | dy1
where Ay, 4, = G2+ 4, —220.

If 7 = 0, the estimate V (1) < (14u) 2 (of (B30)) implies that F}, 4, g,.00 (0)

/dylyZ / _ \ dy1y2 / dt
1+ Ayl ys T t2)1+5 (1+ Ay1 yz) (1 + A t; - )ite
= dy1y2 (1 + Ay1,yz)1/2 / dt
Voa (14 Ay, )1 Jr (L 82)1Fe

The estimate ([B38) follows. If » # 0, then by Proposition B8], (84T is

dy1yo dy1yo
< () it

In order to prove (839), it suffices to show that the above integral is bounded
independently of a,d, y1,y2. Using the bounds (830), we have

Jo

dt.

d2

ﬁV(Aylayz +t%)

dt = / 12V (Ay, yo + 17) + 482V (Ay, 4, +£7)|dt
R
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<</ 2(1+Ay1’y2+t2)—1—5dt+/ A2 (1+ Ay, oy +12) 7327t
R R

g/ 2(1+t2)_1‘5dt+/ 42 (14 12)73/2724dt < oo,
R R

as needed. Notice that when ays # dy1, Ay, 4, > 0 and the above involves only
derivatives of V' on the open interval (0, 00). O

Recall the partition § = §r U %T from (®33). It will be convenient to
decompose the norm of K7 accordingly as

1EZ lsns = (I 113 + 155 113 5,02,
and consider each piece separately.

Proposition 8.38. Under the hypotheses of Proposition [8.23,
||K2T||S><ST < oo.

Proof. Suppose g2 € Fr. Then 7,(dg2) # 0 only if § = 1 (cf. Lemma 17.1 of
IKL2]). Hence

3 (91,92) = Y flortve) — Y. / f(gr " pmga)dn
N(A)

V7€B(Q) HEM(Q)
=) <Z f(gflunm)—/ f(gflungg)dn>-
HEM(Q) \neN(Q) N(A)

The rearrangement is justified by Proposition

We would like to apply the Poisson summation formula to the sum over
n. To justify this, note that by ®40) and ®30), Fy g,.4.,00(t) < t~2, while
F, g,92,in is a Schwartz-Bruhat function on Ag, (see the proof of Proposition

19.10 of [KL2]). On the other hand, write = (), take 91,92 in the form of

(®30), and suppose ays # dy;. Then by the above lemma, Fu g1.ga.00(t) K 72
for ¢ # 0. Hence by [KL2] Theorem 8.17, the adelic Poisson summation formula
can be applied to the global function F}, 4, 4,-

Therefore for fixed g;, using Lemma [B.28 we see that for almost all g € Fr,

K (91920 = D> > Fuge()

p=diag(a,d) tcQ*
ad=D,a>0 Q

(Poisson sumation may fail to hold on the set of go with yo € {%|ad = D},
but this is of measure 0.) Because F), g, 4,.6in 1S & Schwartz-Bruhat function,
Fu g1,9o.fin 18 as well (cf. [KL2|], Proposition 8.13). Therefore its support is
contained in —Z for some integer M > 0. By (831) and (839),

& 9 a 1
Z Z Fﬂ’glvg2(t) < Z Z t v < \/@ (8.42)

diag(a, d) teQ* diag(a, d) 1
Mad—Dg €Q Hod %g t€77Z—1{0}
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for a.e. g3 € §r. Therefore

drodysdxid
||K2 ||?><xT // |K2 g1, 92 | dgodgy <</ / / / 20Y20T] y1’
3 Yiys

which is clearly finite. O

Lemma 8.39. Let C = Cy, x Cgy be a compact subset of G(A). Then for any

peMQ),
/ /,|ﬁu7gl7gz (0)|2d91d92 < 00.
cJg

Proof. The above integral factorizes as

/ / 1By gn00.00(0) P10 e / B tgn.in (0)2dk dgogin,  (8.43)
Ctin v Kfin

where F is the archimedean part of §, defined on page Observe that by
B23), fan(ky "' w(d1)g26m) # 0 only if

(é i) € Z(Agin) i ' Kand KenCp L

Since /JLilKﬁHSKﬁnCﬁ_nl is compact, taking the determinant of both sides we see
that the Z(Agy)-part of (1 t) is also restricted to a compact set, i.e.

1 _ _
<0 1> (S Zo,u, lKﬁn5KﬁnCﬁn1.

for some compact subset Zy C Z(Agyn). The above set is compact, so it follows
that t is restricted to some compact subset B C Ag,, and hence

| B g2.6in (0)] S/BIfﬁn(kflu(éi)g2)|dtSmeaS(B)~

Therefore, the non-archimedean double integral in ([8Z43)) is finite.
For the infinite part, without loss of generality we can assume that Co, C

SL2(R), so it consists of elements ((1) gf)(‘/@ N )koo with —L < z < L and
0 < Ty <y < Ty for some constants L, Ty, Ts. By (B3]),

5 dy1y2 Y192
2
|F#-,91792>00(0)| <<€ dy1 ays _ 1 Tie dys aysyiie’
a(ay2 dy1 ) (ay2 dy1 )

where the latter bound holds by the fact that dyl + 72 > 2. Hence

/ /| ‘]1#]2»#00 )|2d9100dg200
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1/2 d d
<</ / / / a yl?:2 y; 32 dCCldJCQ
1/2 B (i + o)t vy

U«Uz

/ dyi \ dy2 /T2 /°° 1 dy \ dys
v du1 T ayz yite y1 ) oy T a8 (y+y= D+ y |y

Gyz
The inner integral is absolutely convergent, and defines a continuous function
of yo. Therefore the outer integral converges as well. O

Lemma 8.40. Given § € B(Q)\G(Q), there exists a finite subset As C M(Q)
such that Fy, 4, 54,(0) is identically O as a function of (g1,g2) € § x § for all
w € M(Q) which are not in As.

Proof. Write g;an = k; € Kgn. The lemma follows by looking at the finite part

1.91,692,6in (0) = A fﬁn(kf1 ( ¢ d)((l) f)5k2)dt

By the Bruhat decomposition G(Q) = B(Q) U B(Q)(; })N(Q), we can take
se{1yu{(9})IreqQ}.

When § = 1, the assertion follows from Lemma B.28 Hence, we may suppose
that 6 = (91). Suppose

Fan(kr " (a) (5 1) (9 7)k2) # 0.

Taking the determinant and arguing as in the proof of Proposition R.28 we can
assume that a > 0, ad = £D, and

(a d) ((1) i) (2 i) = (Zt o W) € My(Z).

In particular, d € Z and at € Z. From the fact that the upper right-hand entry
also belongs to Z, it then follows that

=)

D = = 1
if r = & for a, B € Z relatively prime. It follows that d|3D. In particular, the
set of such d is finite. O

Proposition 8.41.
155 (s x5, < o0

Proof. By definition, for g;, g2 € §, we have
K2 g1, 92) Z Z Flgig:(t) — Z Z Fu 91,692 (0)77(692).
peEM(Q) t€Q JeB(Q\G(Q) neM(Q)

As in the proof of Proposition[R.38| for fixed g1, we can apply Poisson summation
to the sum over ¢ for a.e. gs, so KI(g1,92) is equal almost everywhere to the
sum of the following three functions:
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I > Fugg®

iag(a, 1
“a.dd Dg< >dci t€ 27 Z2—{0}

2. Z F;Uﬂgl»gQ (0)

p=diag(a,d),
ad=D,a>0

3. — Z Z F ,g1,6gz TT((Sg?)

SEB(Q)\G(Q) nEAs
where Aj is the finite subset of M (Q) given by Lemma840l By Minkowski’s in-
equality, it suffices to show that each of these three functions is square integrable
over (gi,92) €T X Fr- B
By ([B42), the integral of the square of first function over § x Fr is

T 00
dyy d
<</‘ 793172{32<OO
gg oyl

The square integrability of each summand of the second function was proven
in Lemma [B.39] above, and it follows by Minkowski’s inequality that the sec-
ond function 1tself is square integrable over the given set. For the third func-
tion, by [KL2] Proposition 17.2, there are only finitely many ¢ € B(Q)\G(Q)
such that 7r(0g) # 0 for some g € Fr. Therefore it suffices to show that
|F 191,892 (0)7r(092) |5, 5, 1s finite for fixed ¢ and p. We have

i S L o 0o

:/,/: |FH,91’92(0)|2d92d91a
§ /%

which is finite by Lemma [B39] since 5§T is compact and factorizable. O

H ®,91, 592 TT((ng)’

Proof of Proposition 823 Since KT = Ky + K7, it suffices by Minkowski’s
inequality to show that the latter two functions are square integrable over § x §.
By Proposition B30 | K515 < co. By Proposition 38 and Proposition B4T]

15 135 = 1S 1, + 1S 135, < 0.

This completes the proof. O
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9 Kloosterman sums

Fix a modulus N € Z7, and let x be a Dirichlet character modulo N of con-
ductor ¢,,. We have defined the following generalized Kloosterman sum for any
¢ € NZ™T and nonzero n € Z:

—— az +bx'
Sy(a,bimie) = > x(@)e(——). (9.1)
z,x' €Z/cZ,

Although ged(n, N) = 1 elsewhere in this paper, we make no such restriction
in this section. Note that when n > 1,  need not be invertible in Z/cZ.
Furthermore, x is not generally a Dirichlet character modulo ¢, and should be
viewed simply as a multiplicative function on Z/cZ. In particular it can happen
that x(x) # 0 when (x,¢) > 1.

In the special case where n = 1, we obtain the usual twisted Kloosterman
sum with character y defined by

Siabi= S x@e(XHE) (9.2)

&
x€(Z/cZ)*

where 2Z = 1 mod c. If x is the principal character modulo N, then we simply
write S(a, b; ¢), which is the classical Kloosterman sum.
Suppose n = njny where (n1,¢) = 1. Then replacing 2’ by ajz’, we have

Sy (a,b;n;c) = S, (a,bn;;ny;c). (9.3)
In particular, if (n,¢) = 1 we have
Sy (a,b;n;c) = S,y (a,bn;c).

This holds in other situations as well; see ([@24) below. In his Ph.D. thesis,
J. Andersson discusses the generalized Kloosterman sums (@.1), which were
apparently first defined by Bykovsky, Kuznetsov and Vinogradov ([A], [BKV]).
He gives elementary proofs of the following identities, special cases of which
were given by [BKV] and Selberg [Sell].

Proposition 9.1. If either (N,n) =1 or (N,b) =1, then

Seabinic) = Y x(d)dSy(a, ;). (9.4)
d|(n,b,c)

Qs

The identity also holds if x is taken to be the principal character modulo ¢ (resp.
c/d) on the left (resp. right). In the case where X is principal, we have

S(al,G,Q;G,g;C) = S(a0(1)7a'a'(2);aa(3);c) (95)

for any permutation o € S3.
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See [A] for the proofs. In his proof of ([@4]) (Theorem 1 on page 109 of [A]),

some hypothesis on N (such as (N,n) = 1 or (N,b) = 1) is used implicitly in

order for x to be well-defined modulo ¢/d in Sy(a, %, <).

The purpose of this section is to prove the following Weil bound for the sum
@.1).

Theorem 9.2. For integers ¢ € NZ and a,b,n € Z with c,n nonzero, we have
the bounds
1S (a, b;m;¢)| < 7(n) 7(c) (an, bn, ¢) /2 /2 ci/Z

and
|Sy(a,bsm;¢)| < 7(n) 7(c) (an,bn, )/ /2 /4 T p*/*
plex
for the divisor function 7.
Remark: Bruggeman and Miatello produce a bound when n = 1, which is valid

over any totally real field (cf. Section 2.4 of [BM]). They use the trivial bound
at primes p|N, which results in the estimate

Sy (a,b;0)| = O(c2*= T p/2).
p|N

This is somewhat weaker than the estimates in Theorem [3.2] whose full strength
was required in the proof of Proposition [.12]

9.1 A bound for twisted Kloosterman sums

The proof of Theorem follows three steps: express ([@.1]) as a product of local
factors, relate the local factors to twisted Kloosterman sums (0.2)), and apply a
Weil bound to the latter. The present section establishes the Weil bound needed
for the last step. The classical Kloosterman sums satisfy the Weil/Salié bound

1S(a, b; ¢)| < 7(c)(a,b,c)/?c/? (9.6)

(cf. [IK], Corollary 11.12). It should be noted that the above bound does not
hold for S, (a,b;c). See Example below. In general, one must account for
the conductor of x as well.

Theorem 9.3. Let p be any prime. Suppose ¢ = p* and x is a Dirichlet
character of conductor ¢, = pY for v < L. Then for any integers a,b,

|SX (CL, b; C)| S T(C) (av ba 0)1/2 01/2 c;/Q (97)

and
1Sy (a,b;c)| < 7(c) (a,b,c)'/? M/ L/ Apt/2, (9-8)
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Remarks: The proof will occupy the remainder of this section. The methods
are standard and in large part elementary, but because there seems to be no
proof in the literature, we will include the details. The general case (for ¢ not
necessarily a prime power) is contained in Theorem [0.2] whose proof will follow
later.

The case ¢ =1 is the most difficult, but it is well-known.
Proposition 9.4. Suppose c = p is prime. Then |Sy (a,b;p)| < 2(a,b, p)*/?p'/2.

Proof. When p = 2, the proposition is trivial. If p is odd and p { ab, this was
proven by Weil for principal yx, and extended to non-principal xy by Chowla
([We], [Ch]; see also [Col). These sources deal only with the case b = 1, but the
general case follows easily by a change of variables.

If pla and p { b (or vice versa), then S, (a,b;p) is a character sum precisely
of the kind discussed in Section 5.8 In this case, if  is the principal character
modulo p, the value of the sum is —1. If x is non-principal, then |Sy (a, b;p)| =
p'/? ([Hua], Theorem 7.4.4).

Lastly, if pla and p|b, then by the triangle inequality, |S,(a,b;p)] < p =
(a,b,p)/2p*/2. m

The case p = ¢! with ¢ > 2 is elementary, as first shown for the case of
principal x by Salié [Sal], whose work was later refined by Estermann [Es]. We
will follow the presentation in Section 12.3 of [IK]. It requires a knowledge of
the number of solutions to certain quadratic congruences, given as Lemma
below. Although this is standard, we include the proof because of its central
importance in what follows.

Lemma 9.5. Let n,D > 0, with pt D. Let M be the number of solutions of

2 = D mod p". (9.9)
Then
1 ifp=2,n=1
0 ifp=2,n=2,D=3 mod4
M= 2 ifp=2n=2,D=1 mod4
o ifp=2,n>2,D%1 mod8
4 ifp=2,n>2D=1 mod8
L+ (2) ifp>2.
Proof. See e.g. |[Land|, Theorem 87. O

Lemma 9.6. Let a be an integer and pta a prime. Consider the congruence

az® + Bz + ¢ =0 mod p" (9.10)
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forn > 0. Write A = B2 —4ac = p’ A’, where p{ A'. Let M denote the number
of solutions to (@I0). Then if p # 2,

pl3l if6>n,
M ={ 2p% if(5:2(5’<ncmd(%,):1,
0 otherwise, i.e. § <n and (¢ is odd or (%) =-1).

When § > 0, all solutions are prime to p if p1 B, and divisible by p otherwise.
Suppose § = 0 and (%) = 1. Then both solutions are prime to p if p t ¢ (in
particular if p|B), but if p|c then exactly one of the two solutions is divisible by
.

If p=2 and B is even, then 6 > 2 and

2l5] if 6 >mn+2,
M = { gmin(n=+1.2)90'~1  jr9 < § = 2§' < n+2 and A’ = 1 mod 2min(n—6+2.3)
0 otherwise.

By @I0), all solutions have the same parity as c. Furthermore, when 6 > 2,
all solutions are odd if 41 B, and even otherwise. When § = 2, all solutions are
even if 41 B, and odd otherwise.

2 ifA=1mod8

0 otherwise.

Note that A =1 mod 8 if and only if ¢ is even. In this case, exactly one of the
two solutions is even.

If p=2 and B is odd, then M =

Proof. First, suppose p # 2. Then (@1I0) is equivalent to
(2az + B)? = A mod p". (9.11)

If § > n, the solutions of (III) are given by 2ax + B = 0 mod p/% 1. There is
a unique solution z modulo p/ 21, so there are p"~ 51 = pl5] solutions modulo
p"™. The solutions x are coprime to p if and only if p{ B.

Suppose § < n. If § is odd, it is easy to see that (@I has no solution.
Suppose § is even and write § = 26’. Then the solutions of the congruence are
given by 2ax + B = p® X mod p", where

X2 = A’ mod p"°.

By Lemma [0.5] this congruence has solutions (necessarily two) if and only if
A’ is a quadratic residue modulo p. So if (%) = —1, (@II) has no solution.
Otherwise, the solutions of (@.I1]) are given by

2ax + B = p‘s/ (X +p"°a) mod p",

where « ranges through (Z/p® Z). Therefore, in this case the number of so-
lutions is 2p® (two choices for X, and p® choices for a). If § > 0, then a
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solution z is divisible by p if and only if p|B. Now suppose § = 0. Then
r = (2a) (X — B) mod p", where X2 = A mod p™. If p{c (which is the case
if p|B), then (X — B), and hence z, is prime to p since

(X - B)(X + B) = X? - B? = —4ac mod p.

When p|c (so that p 1 B), then exactly one of the solutions is divisible by p, as
can be seen by considering az? + Bx + ¢ = z(ax + B) = 0 mod p.
Now consider p = 2. The congruence ([@.I0) is equivalent to

(2ax + B)? = A mod 2", (9.12)

Suppose B = 2B’ is even. Then (@.I2)) has a solution only if § > 2. In that
case, the congruence is equivalent to

(az + B')? = 2°72A’ mod 2". (9.13)

If 6 —2 > n, then az + B’ = 0 mod 2/31. So as before, the congruence ([@.13)
has 2L3) solutions. These solutions z are prime to 2 if and only if 2 + B, or
equivalently, 4 + B. Now suppose 0 — 2 < n. Then (@I3]) is possible only
if § = 20’ is even, in which case we can write az + B’ = 281X mod 27,
where X2 = A’ mod 2"~ %+2. By Lemma [05, such X exists if and only if
A’ = 1 mod 2min(n=0+2.3) " and the number of solutions X modulo 2"~9+2 ig
omin(n—0+1.2) Tp this case we can take

ax + B = 2" ~1(X + 2" %*2a) mod 2"

for any o € Z/2%~'Z. Therefore ([@I3) has 2mn(n—=0+1.2)90"~1 golutions. If
§ > 2, then we see that 2|z <= 2|B’ <= 4|B. If § = 2, then A’ = (B")? —ac
is odd, and we see that

B’ even = codd = =z odd,

B ' odd = ceven = z even.

(The fact that « and ¢ have the same parity when 2| B is immediate from (@.I0)).

Lastly, suppose p = 2 and B is odd. Then (@I2) is solvable only if § =
0. In that case, the congruence X2 = A mod 2"*? is solvable if and only if
A =1 mod 8. The solutions to the latter congruence can be denoted X, X +
ol X, —X + 271 Therefore 2ax + B = +X mod 27!, This means z =
(£5-8)a~! mod 2" has exactly two solutions. Because z? + z = 0 mod 2, we
see that one solution is odd and one is even. O

Proposition 9.7. Let ¢ = p?* with o > 1. Let x be a Dirichlet character
modulo ¢, of conductor p¥ (v < 2a). Suppose (a,c¢) =1 and ctb. Then:

1. If p is odd, then |Sy(a,b;c)| < op3e/?,
2. If p=2, then |Sy(a,b;c)| < 4p3e/?,
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3. If p is odd and v < 2o — 1, then |Sy(a,b;c)| < 2p*. If further (i) p|b or
(1t) p1 b and ab is not a quadratic residue mod p, then Sy(a,b;c) = 0.

4. If p=2 and v < 2a — 2, then |Sy(a,b;c)| < gmin(a—1,2)po < g

Proof. We apply Lemma 12.2 of [IK| with f(y) = y and ¢(y) = #, which
gives
ay + by

), (9.14)

Selabie)=p* > x@e(
ye(Z/p2Z)*
h(y)=0 mod p%

the summand being independent of the choice of representative for y, where

h(y) =a—by 2+ By ! (9.15)
for B determined by
—_— Bz
X(1+ 2zp®) = e(p—a). (9.16)

This immediately gives |Sy (a, b; ¢)| < p*M, where M is the number of solutions
to
ay® + By —b=0mod p*, (y,p) =1. (9.17)

By Lemma [3.6, M < 2gcd(2,p)p®/2. This proves [ and 2

Now suppose p is odd and v < 2a — 1. If v < «, then B = 0 by (@I6). If
a <y < 2a—1, then taking z = p?~ in ([@O.16) we have e(pzu%) = 1. Hence
1% € Z. So we see that p|B whenever v < 2a — 1. Therefore by Lemma [0.6]
(@I7) has no solutions y which are prime to p, unless p { b and 4ab (and hence
ab) is a quadratic residue modulo p. In the latter case, there are exactly two
such solutions, so that |Sy(a,b;c)| < 2p*. This proves 3

Next, assume p = 2 and v < 2a — 2. If v < «, then B = 0 by (@.I6). If
a < v < 2a — 2, then taking z = p?~* in (O.I06) gives e(pza%) = 1. Hence
1% € Z, so that 4| B whenever v < 2a—2. By Lemmal[0.6] (0.17) has solutions
y only if b is odd (and so § = 2 in the notation of the lemma). The number of
solutions is at most 2™™(@=1.2) = Agsertion Hl follows. O

Proposition 9.8. Let ¢ = p?>**1 with o > 1. Let x be a Dirichlet character
modulo ¢, of conductor p¥ (v < 2a+1). Suppose (a,c) =1 and c1b. Then:

1. If p is odd, then |Sy(a,b;c)| < opBa/2+1
2. If p =2, then |Sx(a7b; c)| < 4p3a/2+1'

3. Ifpis odd and v < 2c, then |Sy(a,b;c)| < 2p° /2. Furthermore, if (i) p|b
or (it) p{b and ab is a quadratic residue modulo p, then Sy (a,b;c) = 0.

4. If p=2 and v < 2a — 1, then |Sy(a,b;c)| < 2mnG.a)pa < gper,
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Proof. We apply Lemma 12.3 of [IK] with f(y) = y and g(y) = #, which
gives

Saba=" Y X6, (). (9.18)

C
YyE(Z/prZ)*,
h(y)=0 mod p®

Here h(y) is given by (@I58 as before, but this time B is defined by

_— Bz B2?
X(1+2p*) =e (paﬂ + (- 1)2p> , (9.19)

and Gp(y) is the Gauss sum

Gply) = D e » ) (9:20)
z mod p
for B
dy) =by "+ (- 175y " (9.21)

Because |G, (y)| < p, we have
Sy(a,bi0)| < P, (9.22)

where M is the number of solutions to (@IT7). As before, M < 2gcd(2,p)p®/?,
so [Ml and [2] follow.

Suppose p is odd and v < 2a. If v < o, then B = 0 by (@19). If o < v < 2,
then setting z = p?~ in ([@I9) gives

B (p_]') 2(y—a)—1 B
1_e<p204+1—’y+ 3 Bp (y—a) =e Im .

Thus p|B whenever v < 2a. As in the previous proof, the congruence (@17
has solutions (necessarily two in number) only if p { b and ab is a quadratic
residue modulo p. Because p|B, d(y) = by~3 # 0 mod p. Hence by (12.37) of
K], |G, (y)| = p'/2. Tt now follows that |S, (a,b;c)| < 2p®p'/?, which proves [

Now suppose p = 2 and v < 2a — 1. If ¥ < @, then then B = 0 by [@I9). If
a <y < 2a—1, then setting z = p?~* in ([@I9) gives

- B Bp2(r—a) B B
=€ p2a+1—'y+ 2 ~ e\ prari )

Because 2a+1—+ > 2, we see that 4| B. As in the previous proof, the number of
solutions to (II7) is M < 2min(e=1.2) < 4 Assertion @ now follows immediately

by (@22). O

Example 9.9. Let p be an odd prime, and let x be a primitive Dirichlet char-
acter of modulus p®. Then there exist a,b € (Z/p3Z)* such that

Sy(a,b;p%) = p.
In particular, if ¢ = p3 for p > 17,
Sy (a,b; ¢)] > 7(c)(a, b, e)/ 2 /2.
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Proof. We apply the above proposition with o = 1. If, in ([@I9), p| B, then
o Bz
X(1+2p) = e(pT)7

which implies that X(1 + zp*) = 1, and hence ¢, |p?. Thus assuming x is prim-

itive, p 4 B. Take a = %B and b = f%_lB, and consider S, (a,b;p3) for

primitive. In the notation of the previous proof,
hy) =25 B+ 2 By 2 + By ™' =0 mod p
— > -2 +1=0mod p < y=1mod p.
Therefore since a + b = 0, [@I]) gives
Sy (a,b;p®) = pG,(1).
In the notation of ([@21l), we have
d(1)=-2'B+ 2B =0.
Since h(1) = 0 as well, we have G,(1) = p. Thus S, (a, b;p*) = p?. O

Proposition 9.10. Suppose ¢ = p* and ¢, = p? for v < ¢. If (a,c) = 1 and
/2 — 7
clb, then |Sy(a,b;c)| = {p iy ==t

0 otherwise.

Proof. When c[b, Sy(a,b;¢) = 3 e (z/cz)- x(d)e(“2) is a Gauss sum. If v < £,
then the Gauss sum vanishes ([Hua], Theorem 7.4.2). If v = ¢, then the absolute
value of the Gauss sum is p%/2. O

Corollary 9.11. Suppose ¢ = p* for £ > 1, ¢, = p” for v < ¢, and (a,c) = 1.
Then:

e |9, (a,b;c)| < 2gcd(2,p)? 01/2p1/4c§</4,
o |Sy(a,b;c)| < T(c)cl/gp1/4c>1</4,

o |Sy(a,b;c)| < 2ged(2,p)? cl/2c§/2,

e |Sy(a,b;c)| < 7(0)01/2&/2.

Proof. This follows directly from what we have proven above. We just need to
examine each case. In view of Proposition [@.10] we can assume that ¢ { b. First,
suppose p is odd and £ = 2« is even. If v = 2, then by Proposition @,

Sy (a, ;)| < 2p°p*/? =212}/,
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If v < 2a — 1, then by Proposition @), we have |Sy(a,b;c)| < 2¢'/2. Now
consider £ odd. If £ = 1, then the bounds hold by Proposition Suppose
£=2a+1for a > 1. If vy =2 + 1, then by Proposition 0.8 (),

ISy (a,b;c)| < prtapsits = 2p1/4c1/2c§</4 < 261/2@(/2.

The last step holds since v > 1. If < 2a, then |Sy (a,b;c)| < 2p*t3 = 2¢1/2
by Proposition [B). This establishes the bounds when p is odd.

Now consider the case p = 2, and suppose ¢ = 2« is even. When a = 1,
the bounds are trivial because Sy (a,b;c) is a sum over (Z/4Z)* and is hence
bounded by 2. So we can assume that a > 1. If v = 2a, then by Proposition

®.
1S, (a,b; )| < dpp™/? = 401/2@/4 < (2a+ 1)01/2@/4 = T(c)cl/Qci/‘l.
If v =2a — 1, then
Sy (a,b; )| < 4p™p®/? = 4! 2pOHTD/A < 7 (e)pt/Het 2t < r(c)et 2l
The last step holds because v > 1. If v < 2« — 2, then by Proposition @,
S,y (a,b;c)| < 4p® = 4c'/? < (2a+1 2 = r(¢)ct/?
| X ) D )

since a > 1. Now consider £ odd. If £ = 1, then the bounds are obvious since the
summation only has one term. Suppose ¢ = 2a+ 1 with a > 1. If v = 2a + 1,
then by Proposition @,

1S, (a,b; )| < 4p*FTipTts = 4p1/4cl/2c;/4 <4ct?/? < T(c)cl/Zci/Q,

since v > 1 and 7(c) = 2a + 2 > 4. If v = 2a, then by Proposition @,

If o > 2, then 4p/* < 2a+2 = 7(c), and the first two inequalities follow. That

the remaining ones also hold follows from p%+% < p* = c;/ Ifa= 1, then
Sy(a,b;c) is a sum over (Z/8Z)*, so it is bounded by 4, and the inequalities
clearly hold in this case as well. Finally, if v < 2a — 1, then by Proposition

@),

1S, (a, b; ¢)| < 2minGe)pe < (24 4 2)pa+% = 7(c)c'/?. O

Proposition 9.12. The results of Propositions[9.7, [9.8 and Corollary[9.11 hold
if we exchange the roles of a and b.

Proof. This follows from the fact that S, (a,b;c) = Sx(b, a; ¢). O

We now have all of the pieces in place to prove Theorem
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Proof of Theorem[Z.3. Suppose ¢ = p’, and ¢, =p” for v < {. We need to show
first that for any a, b,

1Sy (a,bi¢)| < 7(c) (a, b, ) /e /22,

If ¢|a and c|b, this is trivial. Suppose (a,b,c) = p® for a, = ord,(a), and write
a' = p~%q and V' = p~%b. Then by Corollary [0.1T],

Sy (a,b,0)| = p* |y (a0, p* )| < T(e)prplt) e/

=7(c)(a,b, 6)1/201/2C§/2.

If (a,b,c¢) = p°*9»(®) the inequality can be proven in the same way after applying
Proposition .12
The second assertion, that

Sy (a,b;¢)] < 7(c) (a, b, )22/ Apt/4,

follows in the same manner. O

9.2 Factorization

Now we turn our attention back to the generalized Kloosterman sum S, (a, b; n; c)
(@10, expressing it as a product of local factors. These factors will in turn be
expressed in terms of the sums Sy (a, b; ¢) studied in the previous section.

Let x be any multiplicative function Z/cZ — C. Suppose ¢ = ¢r with
(¢,7) = 1. Then using

Z/cZ = (Z/qZ) x (Z/rZ),

we see that x has a canonical factorization x(x) = x4(z)x,(z), where x4, and x,
are multiplicative functions on Z/qZ and Z/rZ respectively. If x is a Dirichlet
character modulo N, viewed as a function on Z/cZ, and if (r, N) = 1, then
Xr = 1 is the constant function 1 on Z/rZ (not to be confused with the principal
character modulo r).

Proposition 9.13. Suppose x is a multiplicative function modulo N, and q,r €
Z* with (¢,7) =1 and qr € NZ. Write x(z) = xq(x)xr(z) as above. Then

Sy(a,b;n; qr) = Sy, (a7, bF;n; q) Sy, (aq, bg; n; 1),
where rr =1 mod q and gqg =1 mod r.

Proof. By the Chinese reminder theorem, x = r7t+¢gd runs through a complete
residue system mod gr when ¢ and d run through complete residue systems mod
q and r respectively.

For fixed x = rTt + qgd, an integer 2’ satisfies 2’ = n mod ¢r if and only if

tr’ =nmodq and dz’ =nmodr.

128



Again by the Chinese reminder theorem, the set of all such z’ is parametrized
by ' = r7t' 4+ ¢gd’, as t’ and d’ run through all solutions of ¢/ = n mod ¢ and
dd’ = n mod r, respectively.

Therefore

. = =t/ — 1
Sy(abimgr)= Y S X(Tt+qade ( alrt + 4qd) ;b(m +qqd>)

tt!=n dd'=n
mod ¢ mod r

~ (X W@ (3 w@e Ty

r
tt/=n q dd’=n
mod g mod 7

For plc, write ¢ = p®c® and n = p*n®) where p t ¢®n®. Then by
successive applications of the proposition and ([@3]), we obtain the following.

Corollary 9.14. With notation as above,
Sy(a, b;n;c) HS ac® | bePn®); e, v, (9.23)
ple

If p|N, then x, is the Dirichlet character mod p» defined as in (.35), so that
Xp(d) =0 if pld. If pt N, then x, =1 is the constant function 1 on Z/p°*Z.

Each local factor in ([@23]) can be expressed in terms of the familiar twisted
Kloosterman sums ([@.2]), as the next proposition shows.

Proposition 9.15. Fiz integers k > 0 and £ > 1, and let x, be a Dirichlet
character modulo p*. Then

Sy, (@, b; pFip ) Sy, (a, bp: p ) (9.24)

If instead of a Dirichlet character, x, = 1 is the constant function 1 on Z/p'Z,
then when k < ¢,

min(by,,k)
k a by
P S(—= =0 ") ifk<ap,+b
S1(a,b;p";pf) = i_ma)%;k_ap) P p PP (9.25)
0 otherwise,

where as usual a, = ordy(a) and b, = ord,(b). For the k > { case, the sum is
evaluated in (Q27) below. It vanishes unless £ < a, + b, + 1.

Proof. The left-hand side of (@.24)) is a sum over zz’ = p* in (Z/p'Z). If p|z,
then x,(z) = 0. Therefore we can take x € (Z/p*Z)*, and 2’ = zp*. Eq. ([@.24)
follows.

For the case x, = 1, suppose first that k& < £. Group the sum in S (a, b; p*; p?)
according to ¢ = ord,(x) < k. Suppose

zz’ = p® mod p’. (9.26)
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Then z = p't and 2’ = p*~*f for some tZ = 1 mod p*~*. For given t, f, we

have solutions x = p’:(t + p*~*d) and 2’ :_pk_i(t' +pt~kd’). As d, d’ and t
range through Z/p*—'Z, Z/p'Z and (Z/p’~'Z)* respectively, z and 2’ give all
incongruent solutions to ([@.26) modulo p’. Thus

A =k k—1 {—k
Sy (a,b;p"; p) Z Z ZZ p'(t+p d)Jrlzp (t+p d'))

i=0 te(Z/pt—*Z)* d=1 d'=1 p

pk—i

k ; _ »’
=Y T A S ) Y el

i=0 te(z/p'-h2)" P a=1 P

/

The i summand is non-zero only if p*~?|a and p’|[b. In this situation, write
a = p*a’ and b = p't/. Then the above is

=" > Z at+b/)=pk > S, vipth.

0<i<k, 0<i<k,
k—ap<i<bp modp —k k—ap<i<bp

This proves ([@.25]).

Now suppose k > ¢. Then 2z’ = 0 mod p?, and we write z = p't, 2’ = p*~t/,
for t € (Z/p'~"Z)* and ' € Z/p'Z. Thus

14

ap't + bp*—it’
T 3 3y pC A== i
=0 t

at bt
= Z Z e(—=) Z e(—)- (9.27)
1=0te(Z/pt—12)* p t'€Z/p'Z

The sum over ¢ can be evaluated explicitly using

r

" t prl ’ pr—p ! if0<r<a,
a a
E E e? E (p{)‘): _p'r‘—l ifr:ap—‘rl
te(Z/prZ)* t=1 t=1 0 ifr>a,+1,

and the sum over ¢’ is p’ or 0 according to whether or not i < b,. In particular,
the i*" term of ([@.27)) vanishes unless ¢ —i < ap+landi<by ie £—a,—1<
¢ < b,. Thus the whole expression vanishes unless ¢ < a,, + b, + 1. O

9.3 Proof of Theorem
We will bound each term of (@23]). Suppose p|N. Then by Proposition @15

Sy, (ac(ip)7 be®)n(®) ;P pP) = Sy, (a@, de)n; per).
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Applying Theorem to the latter sum,

1Sx, (a@7 bmn(p%pnp;pc”ﬂ < 7(p) (a, bn,pcf’)1/2pcf’/2c%)2
< 7(p7) (am, bn, ™)/ 2por 2} /2. (9.28)

Now suppose p|c but p{ N. Then x, = 1, and if n, < ¢,, by (@.25)) we have

min(np,by) —_ T

—_— — LA ®)  pe@)np)

Sa(ac®), ben® sy = 30 s T )
i=max(0,n,—ap) e p

Therefore applying the Weil bound |S(a, b; ¢)| < 7(c)(a, b, ¢)*/?c/? to each term
in the sum, we find (still assuming n, < ¢;)

—_—  — a b
|51 (act®), benP); pie; por)| < 7 (pr ) pie( et E,p“”_“”)” 2per/27np /2
i
< (mp + 1)(cp + 1) (an, bn, p) '/ 2p /2, (9-29)

since the sum has at most (n, + 1) terms. If n, > ¢,, the bound (@:29) also
holds, since from ([@.27]),
|S1(ac®), be@n®); prr: ptr )| < Zp:pcp*"pi
i=0
< (np + 1)p” = 7(p™) (an, bn, p° )/ 2p°r/2,
Multiplying the local bounds (@28)) and ([@.29]) together, by ([@.23) we have
|Sy (a,b;n;¢)| < 7(n)7(c)(an, bn, 0)1/201/2@/2,

which proves the first inequality in Theorem The proof of the second
inequality is identical, using the second inequality of Theorem for (@28) in
the case that pl|cy, and using the classical Weil bound (@.6]) in place of ([@.28) in
the case that p|N but x, is principal, i.e. ptcy.
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10 Equidistribution of Hecke eigenvalues

The Hecke eigenvalues attached to cusp forms have many interesting statistical
properties. On one hand, there is the “horizontal” Sato-Tate problem of fixing
a newform u(z) and determining the distribution of the Hecke eigenvalues at
all primes away from the level. If u is non-dihedral, then conjecturally the

normalized eigenvalues v are equidistributed relative to the Sato-Tate measure

Lo/1—2 if —2<z<
dﬂoo(x):{ﬂ— 1-%Fde if —2<x<2 (10.1)

0 otherwise.

This problem is very deep, being tied to the analytic properties of the symmetric
power L-functions of u. It has now been proven if u is holomorphic of weight
k > 2 by Barnet-Lamb, Geraghty, Harris, and Taylor, [BLGHT].

Another point of view is the “vertical” problem of fixing the prime p and
determining the distribution of the eigenvalues of T}, on a parametric family of
cusp forms, as the parameter (level, weight) tends to infinity. This question has
been addressed independently by several authors: for Maass forms by Brugge-
man [Brug] and Sarnak [Sar2], and for holomorphic forms by Serre [Sexr] and
Conrey/Duke/Farmer [CDEF]. Strikingly, the relevant measure in this case is
not the Sato-Tate measure, but the p-adic measure

p+1

dpp(z) = (pl/2 + p=1/2)2 — 32

oo ().

Serre’s article discusses many interesting applications of this result. Effective
versions have been given by Murty and Sinha ([MS]) and Lau and Wang ([LW]).

In the holomorphic case, one obtains a different vertical result using Peter-
sson’s trace formula in which each Hecke eigenvalue has an analytic weight
coming from Fourier coefficients and the Petersson norm of the cusp form. When
weighted in this way, the eigenvalues of T, become equidistributed relative to
the Sato-Tate measure itself (independent of p), as the level N — oo ([LiCl,
[KL3])).

In this section we treat the case of Maass forms from the latter perspective,
using the Kuznetsov trace formula. We will prove that for a fixed prime pt N,
the eigenvalues of T, on the Maass eigenforms, when given the weights that
arise naturally in the Kuznetsov formula, become equidistributed relative to the
Sato-Tate measure as the level goes to infinity. An interesting feature is that
the weights depend on the choice of fo, (or equivalently, its Selberg transform
h(t)), while the measure is independent of this choice.

Fix an integer m > 0 and a function h(t) as in Theorem BIl We will apply
the Kuznetsov formula with m; = ms = m. Fix a prime p{ N and an exponent
¢ > 0. For a Maass eigenform u € F, define the normalized Hecke eigenvalue

Vi = W' (p)2 M (u) € R.
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The value is real because w’(p)*/ 2sz is self-adjoint, and it is bounded in absolute
value by a number depending only on p’ (see p. [[3). For all £ > 0,

vye = Xo(v)),
where
sin((¢ + 1)0)
sin 6
is the Chebyshev polynomial of degree ¢ (see e.g. Proposition 29.8 of [KL2]).
Now for each u; € F, define a weight

_ am(uy)®  h(t;)
Yl cosh(rt;)’

Xo(2 cos ) = — il Gi(e=2)0 |y —ith

(10.2)

where t; is the spectral parameter of u;. Note that at this point, w,, may be a
complex number. However, in the equidistribution result below (Theorem [[0.2)),
we shall impose an extra hypothesis to ensure that w,; is a nonnegative real
number for all j.

Proposition 10.1. With h(t) as in Theorem [81], we have

Z Xg(y;j)wu =

ueF

JY(N) +O(N=+e)  if £ =20 with 0 < £ < ord,(m)
O(Nzte) otherwise

as N — oo, where

! h(t) tanh(mt) t dt = éV(O) _4
T

™

Ji

w2 J_

foo(1). (10.3)

Here, V and fo are the functions attached to h in IH) and [B3) respectively,
and the equalities in (I03) are from BIT).

Remark: This demonstrates the existence of cusp forms with nonvanishing m®
Fourier coefficient for all sufficiently large N.

h

Proof. Taking m; = my = m and n = p’ in Theorem [T.14] the cuspidal term is
— 2 Y
Z Ape (W)wy, = w'(p) Z Xo(vy )wy, (10.4)
ueF u

the sum converging absolutely. This is equal to the first geometric term
1

Tom, m, o YoV [ he) tanh () e = 7o, m, o (N 7
™ JrR

plus the remaining geometric terms and minus the continuous term. By Propo-
sition [7.8 and Proposition [[12, the latter terms are both O(N'/2+¢) [ It is easy
to see that T'(m,m,p*) = 1 if and only if £ = 2¢' for some 0 < ¢ < ord,(m).
Multiplying through by w’(p)%/2, the result follows. O

4These bounds were proven for h € PW12(C)®ve® but they hold as well for h as in Theorem
Bdlso long as A > i and B > 2, as shown in the proof of Proposition
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Theorem 10.2. Fiz a prime p and let m > 0 be an integer. For each n =
1,2,...,

e let N, be a positive integer coprime to p, such that lim N, = oo
n—oo

e let w!, be a Dirichlet character modulo N,

e let F,, be an orthogonal basis for LE(N,,w!) consisting of Maass eigen-
forms.

Define weights w,, as in (I02). Suppose h(t) is chosen as in Theorem [81l so
that J in (IQ.3) is nonzero, and h(t;) > 0 for all spectral parameters t;. (The
latter condition will be discussed afterwards.) For each n, define the multiset

Sp = {yylu € Fp}.
Then the sequence {S,} is wy-equidistributed with respect to the measure

ordy (m)

du@) = D" Koo (@) dusola), (105)
£'=0

where djis () is the Sato-Tate measure [I0). This means that for any con-
tinuous function f on R, we have

Zue]-‘n f(y;;)wu _

Wy

lim

n—oo

[ 1@duta). (10.6)
u€F, R

Remarks: (1) If we choose m so that p t m, then du = du is the Sato-Tate
measure itself. In this case, the measure is independent of p, m and h.

(2) The theorem illustrates in particular the fact that the normalized Hecke
eigenvalues v are dense in the interval [-2, 2]. Thus the Ramanujan Conjecture,
if true, is optimal. In the other direction, the theorem provides evidence for
the conjecture, by virtue of the fact that the measure is supported on [—2,2].
Any counterexamples to the Ramanujan conjecture are sparse enough to be
undetectable in ([I0.6]).

Proof. Setting ¢ = 0 in Proposition [[01] gives
> wy = J(N) + o(N). (10.7)
ucF

In particular, the denominator in (I0.6]) is nonzero when n is sufficiently large.
We may assume that this is the case for all n. By ([I0.7), for all £ > 0 we have

n—00 Zue]-'n Wy,

Y uer, Xe(vy)wy 1 if =20, with 0 < ¢ < ord,(m)
0 otherwise

- / X, (2)du(x).
R
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The latter equality holds because the polynomials X,(z) are orthonormal with
respect to the Sato-Tate measure (see e.g. [KL2], Proposition 29.7). By linearity,
([I08) holds for all polynomials. Let I O [—2, 2] be a compact interval containing
vy for all u. (According to the Ramanujan conjecture, we can take I = [-2,2],
but we do not assume this here. See [Ro] Proposition 2.9 for an elementary proof
of the existence of I1.) As one can show, both sides of ([I(0.0) define continuous
linear functionals on C(I), relative to the sup-norm topology. Since the set of
polynomials is dense, it follows that (T0.6]) holds for all continuous functions, as
required.

In more detail, suppose f is any continuous function on I. Given € > 0, let
P be a polynomial approximating f to within ¢ on the interval I. Then for any

‘Zug Ftyw, / fo < | Zuer F03) — PO

ue]: Wy, ZuEFn Wy,
ZuG]—' wu
¥ ZM 2 [ Pt +| [ (P - faiuta)
Louer, PWy) 0 — x x x
<e+ .y [RP( Ydu(z) +€/de( ). (10.8)

In the first term of (I0LE]), we have used the fact that w, > 0 for all u, which
holds because of the hypotheses imposed on h and the fact that cosh(nt;) > 0
for all t;. The latter assertion is clear when ¢; € R by the definition of cosh. The
hypothetical exceptional parameters are of the form t; = ixz; for z; € (-3, 3),
so that cosh(nt;) = cosh(imz;) = cos(mz;) > 0 as well.

As shown in the first part of the proof, the middle term of (I0.8]) has the
limit 0 as n — oo. Therefore

2
wy,
imenp | =B )| <<+ [ aute),
n—00 ue]:ﬂ —2
Letting € — 0, we obtain (I0.6]) as needed. O

In the theorem we assumed that h(t;) > 0 for all spectral parameters ¢;.
Since t; € RU4(—3, 1), the condition holds if & is nonnegative on the real and

imaginary axes. Examples of allowable i include the Gaussian h(t) = e |

the function hg(t) = e~ (t?=R?)?
c

-R R
Y =Chg(®)

The latter detects just those Maass forms with spectral parameter close to +R.
When we apply the theorem to hg, the fact that the result is independent of R
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shows that the equidistribution holds even when we restrict to a small piece of
the spectrum.

Other functions h satisfying the hypotheses of the theorem may be con-
structed as follows. Let h be the Selberg transform of a function fo, = F* *x F,
where F € C™(G"//K) for m > 12. Let f!: G(Ag,) — C be the identity
Hecke operator, corresponding to n = 1. Then if u is a Maass cusp form with
spectral parameter ¢, by Proposition [£.8 we have

(R(f)Pus Pu) _ <R(F X fl)‘puaR(F X fl)‘Pu> > 0.

e P N Tl z
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Notation index

1 (constant function 1), 53, 129

zp = ordp(x), Np = ord,(NV), etc., 10

dn, idele (zp), zp = d for p|N, z, =1
otherwise, 10

P = p~‘re, n® = p~"Pn, 129

f(9) = flg=1), 25

|||, Petersson norm, 26

axb(z) = faa(y)b(y_lx)dy, 31

Xx*f= %L:o flexp(—tX)-), 66

(e8)z =825, 17

A adeles, 10

Ag, finite adeles, 10

am (u), m-th Fourier coefficient of u(z),
28, 29, 71

am,s(u,y), m-th Fourier coefficient of
us(z), 26

am(s,y) = a¥ (s,y), m-th Fourier co-
efficient of Fy(s,z), 48, 49,
75

B ={(2%)} Borel subgroup, 10
B, 45

By, 45

bm (s,y), 49, 50

C™(GY//Kw), 93
Cr(Gt//K), 15
C.(GY//K), 15
Cr(RM)*, 15
C"(G(A),w), 60

Clip) = Hp\Nl le(p]%)v 47
¢y conductor of x, 12
X

= X(El, €2, 81, 52), 22
character on B(Qp), 29
character on B(R), 22
Hecke character, 12
X' = X Dirichlet character mod N
attached to x, 12
X1, Dirichlet character modulo N1, 47
X4, Dirichlet character modulo M, 47
X1 (0), 48
Xp, local component of a Dirichlet char-
acter, 53
Xp, local component of a Hecke char-
acter, 12
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D(X17X27N)7 41

DP(Xh X2, N)7 42

A
Casimir element, 23
Laplacian, 27
eigenvalue i +1t2, 27

dz = dZ—;iy measure on H, 21

E(¢757g) = E’yeB(Q)\G’(Q) ¢S(’Yg)7 39

E((z)??g) = E(¢7’57g)7 39

Ey(s,z+iy) = E(¢, s, (g ”f) X 1in), 39,
51

e(r) = ¥ 11

F, 35

3,5, 108
S, 8, 111
Fa, 34
Fiug1.,925 113
729
29

gr (Lie algebra of GL2(R)), 66
G, 10

G=G/Z, 10

Gy (m), Gauss sum, 53

[o(N), 11

I'1(N), 11

I(N), 11

H, height function, 37

H, complex upper half-plane, 17
H(x1,x2) = H(x1,x2,0), 37
H(X17X2a 5)7 36

Hs, 78

H(s) = @\, Hlxt, X2 5), 56
h(t), Selberg transform, 21, 34

1,70
[conm 75

Ic“sp, 70, 73

Is, 78

(ip),ip, 45, 85, 86
Lies, T4

Js, J-Bessel function, 81, 83



1
1
K(z,y), 60

Keont(z,y), 61, 74

KCUSP(x7y)7 617 71

Kdisc(xyy)y 68

Ky(z,y), kernel function of R(f), 60
Kres(z,y), 61

Kin, 10

K, 10

K(N), 10

K, 10

K,, 10

K, (z), Bessel function, 28, 53, 73, 76
K™ (z,y), 107

ho = (5210 22), 10

k(zl, 22), 17

L, 57
Ln(s,x), 13

Lgont(w)7 56

L(Qiisc(w)7 56

L?es(w)7 56

An, Hecke eigenvalue of T, 29
)‘D(Xla X2, 5)7 307 38

An(u), 34

An(p), 34

M, diagonal subgroup, 10

M = Hp‘NpZP, 47

M, (n, ]\/v)7 29

M;(n, N),, 29

M, M, (Mellin transform), 19, 94
1, Mobius function, 54

fioo, 132

fip, 132

N, unipotent subgroup, 10
Nl = H pra 46

pIN,
ip<Np
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Ny =[] o™, a7
%
P;(z) (Legendre function), 21
Peont, projection onto L2, (w), 58
Pyisc, projection onto L. (w), 58
PW(C), Paley-Wiener space, 19
PW(C)™*, 20
PW™(C), 19
©Yu, adelic Maass form, 31
¢y = x odet, 55
Gi =y INT, 43, 46
¢(ip) = Hp\N ¢ip7 45, 47
én(g) = fN(Q)\N(A) #(ng)dn, 31
s(9) = "MV (g), 37
T, 22, 30
my = 7(e1, €2, 81, 82), 22
w(f), 25
Ts, 36
P(N), 11
Yp(N), 11

R, right regular representation, 11, 31

Ry, 31, 110

R(f), 23, 31

R™, the set of positive real numbers,
10

S, 57

Sy(a,b;n;c), 81, 119
Sy(a,b;¢c) = Sy(a,b;1;¢), 119
o(m) =34, d, 54
US(XIDX/%m)? 51

t (spectral parameter), 23, 27
T(a1,a2,as3), 86

Tx, 59

T, Hecke operator, 28

7, divisor function, 45

7(x), Gauss sum, 53

6, character of Q\A, 11

Ogin, 11

0 = 0(—m ), 11

6,, 11

us(z) = u(d(z)), 26
Vv, 17, 21, 93

w, central character attached to w’, 31



w’, nebentypus, 26
Weyl’s Law, 28

X, Chebyshev polynomial, 133

Z, the center of GG, 10

Z(t) = Zk(1,1), 80

Z, 80

Z =11%,, 10

Z7, the set of positive integers, 10
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Subject index

Bessel function
J-, 81, 83
K-, 28, 53, 73, 76

Cartan decomposition, 15
Casimir element, 23
Chebyshev polynomial, 133
conductor

of Dirichlet character, 12

of Hecke character, 12
constant term, 26, 31

of Eisenstein series, 52
convolution, 31
cuspidal function, 26

Dirichlet L-function, 13

Dirichlet character, 12
induced, 12
primitive, 12
principal, 12

distribution, 27

Eisenstein series, 39
exceptional parameter, 72

Fourier expansion, 26, 28
of Eisenstein series, 48
Fourier transform, 93

Gauss sum, 53

Harish-Chandra transform, 18, 94
Hecke L-function, 13
Hecke character, 12

conductor, 12
Hecke operator, 28
height function, 37
Hilbert space isomorphism, 57
Hilbert-Schmidt norm, 59
Hilbert-Schmidt operator, 59

Induced character, 12

kernel function, 59
truncated, 107

Kloosterman sum
classical, 3, 119

generalized, 81, 119
Weil bound, 3, 120

Laplacian, 27
Legendre function, 21

Maass cusp forms, 26
Maass eigenform, 29
Mellin transform, 19, 94
Mobius function, 54

Paley-Wiener function, 19
Parseval’s identity, 58
Petersson norm, 26
principal series
of GL2(Qyp), 29, 30
of GL2(R), 22, 36

Ramanujan conjecture, 33, 74
right regular action, 11

Sato-Tate measure, 132
Selberg transform, 21, 99
Selberg’s conjecture, 27, 33
spectral parameter
exceptional, 72
of my, 23
of u, 27
spherical transform, 20
strong approximation, 10
for Ag,, 109
for B(A), 41

truncation, 107

weak kernel function, 59
Weyl’s Law, 71

Zagier transform, 80
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