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• Deciding on asset allocations over time and 

portfolio withdrawal rates remain key consider-

ations for retirees. These decisions are impacted 

by factors such as the investor’s wealth level, 

degree of risk aversion, the desire to leave 

a bequest, and the presence of guaranteed 

income, such as Social Security. This paper 

considers these issues as they relate to utility 

levels for retirees. 

• Initial equity allocations from 0 to 100 percent 

were examined. For investors with moderate and 

high levels of risk aversion, higher proportions of 

Social Security relative to overall wealth led to 

higher initial optimal allocations to stock. This is 

somewhat intuitive because the higher level of 

guaranteed income allows for more risk with the 

remainder of the portfolio. However, retirees who 

rely more on Social Security are less wealthy, 

and lower levels of wealth are generally equated 

with lower allocations to stock.

• Five different glide paths, which provide plans 

for changes in allocations to stocks over time, 

were considered: increasing the weight of 

stock slowly, increasing fast, decreasing slowly, 

decreasing fast, and constant. The typical guid-

ance for retirees is to decrease their allocation to 

stock over time. This paper finds, however, that 

increasing glide paths, where the level of stock 

increases over time, are often optimal. 
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RetiRees aRe faced with many decisions in 
their quests to achieve lifetime income from their 
portfolios. Two of the biggest financial choices 

they must make are deciding on their portfolio 
glide paths (altering their asset allocation with the 
passage of time) and the size of the withdrawals 
they should make from those portfolios. The mix 
of stocks and bonds in the portfolio is a primary 
driver of success, where success is defined as 
providing predictable income that at least keeps up 
with inflation for the life of the retiree. Investing 
too safely, with a high percentage of bonds, might 
mean trailing inflation and a declining standard of 
living. Investing more aggressively, however, might 
result in a large drop in wealth early in retirement 
with no time or potential future income to make it 
up. Deciding on how much to withdraw from the 
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Going beyond the issue of lifetime income, some 
retirees may also want to provide bequests to heirs 
or charities after they die, which could also drive 
portfolio decisions.
 This paper utilized Monte Carlo simulations to 
examine the important issues noted above. Cases 
were included where retirees have different levels 
of (1) risk aversion, (2) desire as far as bequests, 
and (3) guaranteed income, such as Social Security 
payments. The paper investigated the impact of 
these three items on overall investor utility and 
ultimately on making optimal portfolio decisions. 
Retirees were assumed to invest in a combination of 
stocks and bonds that they rebalanced in a planned 
fashion on an annual basis. A wide range of initial 
allocations to stock, with up to five possible glide 
paths each, were considered. This paper built on 
earlier works to illustrate the impact of guaranteed 
income on retiree portfolio decisions. 

Literature Review 
There have been many papers on safe withdrawal 
rates since Bengen (1994) first developed the 
widely cited 4 percent rule. The 4 percent rule sug-
gests that retirees can safely withdraw that amount 
from their initial portfolio balance in the first year 
of retirement and subsequently adjust their annual 
withdrawal amounts to keep up with inflation. This 
assumes a roughly 30-year planned retirement in 
conjunction with an appropriate portfolio. Bengen 
(1994) supported this finding using historical data 
assuming different fixed allocations to a portfolio 
of stock and bonds, and he recommended a start-
ing allocation of 50 to 75 percent stocks. Cooley, 
Hubbard, and Walz (2011) suggested drawing the 
“line” at a 75 percent chance of success for client 
portfolios, meaning that strategies with this prob-
ability of succeeding based on historical data should 
be a reasonable starting point for financial planning 

portfolio is another Goldilocks situation. If portfolio 
withdrawals to fund retirement income are too low, 
the utility from underutilized spending power is 
lost forever. Conversely, if the portfolio withdrawals 
are too high, retirees face the risk of running out of 
money before they die. 

 Target retirement date funds, which change their 
asset allocations over time, would seem like a good 
way for retirees to put their portfolios on autopilot 
and let the fund managers deal with at least the 
glide path issue. Unfortunately, there is no one-
size-fits-all retirement plan available. Some retirees 
may be comfortable with taking on more risk to get 
a 5 percent withdrawal rate, while others may like 
the relative security of a 3 percent withdrawal rate, 
despite the considerably lower payouts. That means 
that the choice of the withdrawal rate itself could 
impact the asset allocation / glide path decision. 
Retirees planning on higher withdrawal rates might 
need higher allocations to stock over time to get a 
successful outcome. There are other reasons why 
the retirement portfolio planning process is indi-
vidualized. Individual retirees have different risk 
aversion levels, so not everyone would be comfort-
able with the same portfolio guidance. Retirees also 
have different levels of guaranteed income, such as 
Social Security payments or pensions, that allow 
them to rely less on their portfolio performance. 

“One of the biggest threats to a portfolio’s 
success at providing lifetime income is a 
big loss in value early, rather than later, in 
retirement. Lower up-front allocations to 
stock would potentially leave a retiree less 
susceptible to this sequence risk.”
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remaining portfolio balance. This means that annui-
ties should generally be purchased from bond funds, 
rather than stock, since the guaranteed payouts of 
annuities are similar to the cash flows of bonds.
 Glide paths in retirement, where the asset 
allocation changes over time in a predetermined 
fashion, have also been a topic of conversation. 
Blanchett (2007) assumed that stocks and bonds 
performed at their long-term averages and found 
that constant stock allocations were the best portfo-
lio option in most cases. Spitzer and Singh (2008) 
likewise found that constant stock allocations 
outperformed glide paths where the allocation to 
stock slowly decreased over time. Kitces and Pfau 
(2015) concluded that when equity markets were 
considered overvalued, glide paths with increasing 
stock allocations over time are preferred. When 
Blanchett (2015) incorporated a low interest 
rate environment into his study, glide paths with 
declining allocations to stock were favored. Waggle, 
Moon, and Lee (2022) looked at multiple scenarios 
for low interest rates returning to normal and also 
supported decreasing allocations to stock over time. 
Pfau and Kitces (2014), with assumptions that 
interest rates were in a more normal range, tested a 
whole range of beginning and ending stock alloca-
tions and found that rising glide paths maximize 
sustainable retirement income.
 The current paper adds to several of these earlier 
works. While Finke, Pfau, and Williams (2012) 
examined the impact of guaranteed income on 
overall utility and portfolio decisions, they only 
considered portfolios with constant allocations. The 
current paper extends this by considering constant, 
increasing, and decreasing glide paths. In addition, 
this paper also provides a comparison of how port-
folio utility rankings would look with and without 
guaranteed Social Security payments considered. 
Blanchett (2015) and Blanchett (2017) considered 

clients. Requiring a higher success rate would 
necessitate lower withdrawal rates (and a lower 
standard of living) for retirees. Cooley, Hubbard, 
and Walz (2011) also supported withdrawal rates in 
the 4 to 5 percent range for retirees wanting annual 
inflation increases, assuming portfolio allocations of 
at least 50 percent stock.
 Pfau (2011) argued that the 4 percent rule may 
not work, depending on market valuations and 
bond yields present at the time an individual 
retires. Bond yields in the United States were 
trapped at historically low rates for many years, and 
papers such as Finke, Pfau, and Blanchett (2013), 
Blanchett, Finke, and Pfau (2013), Blanchett 
(2015), and Waggle, Moon, and Lee (2022) 
addressed how this situation would impact retire-
ment portfolios. Waggle, Moon, and Lee (2022) 
determined that a low interest rate environment 
favored higher allocations to stock that decreased 
over time as rates returned to normal. Market 
interest rates have increased considerably since 
these papers were published, with the federal funds 
rate increasing from 0.25 percent in March 2022 to 
5.25–5.50 percent in December 2023.1 
 There have also been papers that included the 
impact of guaranteed income, such as Social 
Security payments, in their analysis. Finke, 
Pfau, and Williams (2012) examined the case of 
a retired couple with a $1 million nest egg and 
either $20,000 or $60,000 per year in guaranteed 
income. They considered fixed stock allocations 
and various withdrawal rates and concluded that 
the extra $40,000 in guaranteed income allowed 
for a 1 percent increase in the safe withdrawal rate. 
Blanchett (2017) also found that guaranteed income 
had a significant impact on safe withdrawal rates. 
Blanchett and Finke (2018) found that purchasing 
income annuities should lead to retirees taking on 
more risk (higher allocations to stock) with their 
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that long, that investor would have 100 percent of 
their portfolio in bonds and no money in stock. A 
somewhat more aggressive version of this rule is to 
allocate 110 minus the investor’s age to stock. 
 This paper presents initial allocations to stock 
of between 0 and 100 percent in 10-percent incre-
ments. For each of these beginning stock levels, 
up to five possible glide paths were considered: (1) 
decreasing slow, (2) decreasing fast, (3) constant, 
(4) increasing slow, and (5) increasing fast. The 
portfolio rebalancing in each of the glide paths 
occurred at the end of each year. So, at the end 
of each year, the stock and bond levels were reset 
according to the different glide paths. These glide 
paths were comparable to Blanchett (2015), except 
that the changes in asset allocations for all of the 
glide paths, other than the constant case, occurred 
over 30 years, rather than 40 years. Since this work 
assumed retirement at age 67, as noted below, a 
40-year glide path would not be relevant for most 
retirees. After 30 years, the glide paths were all 
held constant at their 30-year asset mixes. For 
the decreasing slow paths, the allocation to stock 
decreased in equal percentage increments by a total 
of 20 percent over 30 years while the total 30-year 
reduction was 40 percent in the decreasing fast 
paths. Likewise, the increasing slow and increasing 
fast paths had 20 and 40 percent total increases in 
stock allocations, respectively, over 30 years. In the 
constant glide paths, portfolios were rebalanced to 
their initial levels at the end of each year.
 Clearly, not all the glide paths are possible from 
each of the starting stock allocations. If the full 
30-year change of 20 or 40 percent, decreasing or 
increasing, was not possible, that particular path 
was not considered. For example, from a starting 
portfolio allocation of 0 percent stock, decreasing 
positions are not possible without short selling, so 
only the constant, increasing slow, and increasing 

glide paths and the impact of guaranteed income, 
respectively, but both of these papers were products 
of a low-interest-rate environment. Bond rates were 
at historically low levels during that period, so both 
works assumed that bond rates would start low and 
increase over time. Rates have increased since then, 
and that is reflected in the current paper. Pfau and 
Kitces (2014) argued in favor of increasing alloca-
tions to stock during retirement, but they focused 
only on success rates. This paper included both 
success rates and glide path ranks based on utility 
preferences of the investors.  

Glide Paths 
Glide paths show investors’ planned asset allocation 
changes over time. For this paper, it was assumed 
that portfolios were allocated between a mix of 
10-year Treasury bonds and a diversified portfolio 
of large-cap stock, such as the Standard and Poor’s 
500 Index. While other asset categories could have 
been included, large company stocks and (Treasury 
and/or corporate) bonds are typical core portfolio 
elements. Including just stocks and bonds allowed 
the analysis to easily focus on differing stock levels. 
A portfolio of 60 percent stock and 40 percent 
bonds is often noted as providing a good balance 
of risk and return for investors seeking a mix of 
growth and income, but the general guidance for 
retirees tends to be to gradually decrease portfolio 
allocations to stock over time.2 Short selling was 
not allowed in the analysis, so stock and bond levels 
could not go below zero.
 One example of a glide path is exemplified by the 
common rule of thumb, which suggests that the 
percentage of stock in an investor’s portfolio should 
equal 100 minus their age. Following this guidance, 
a 67-year-old investor would start with 33 percent 
of their financial assets in stock and decrease this 
by 1 percent each year. By age 100, should they live 
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age 86, while a male retiring at the same age would 
have only about a 42 percent chance of living that 
long. That same female would have only about a 10 
percent chance of living to age 97 compared to just 
a 5 percent chance for the male. Of course, with 
a couple, the odds of at least one member of the 
pair surviving to a certain age are higher. The SOA 
data is used by actuaries to price products such as 
annuities, which are more likely to be purchased 
by healthier individuals who are expected to live 
longer. Figure 2 shows the cumulative probability of 
survival, Survivalt, for a 67-year-old female.
 Everything else equal, the longer a retiree’s 
expected lifespan, the more valuable guaranteed 
Social Security payments are to them. The value 
of Social Security to a 67-year-old female at the 
beginning of retirement is estimated by finding the 
present value of the expected payouts over the next 
40 years.3 This differs somewhat from finding the 
value of a bond, for example, because the expected 

fast models were considered. With an initial stock 
allocation of 20 percent, the decreasing slow path 
is an option, while the decreasing fast path is not. 
Figure 1 shows the tracks of the five glide paths 
considered assuming a 60 percent initial stock 
allocation. As noted above, all of the paths leveled 
out after 30 years, and the simulations ended after 
40 years. Based on these guidelines, a total of 43 
different initial stock level / glide path options were 
considered.

Mortality and Social Security
The relevant retirement period to plan for depends 
on factors such as the retiree’s life expectancy and 
tolerance for risk. Healthier individuals should 
likely plan for longer retirement time horizons 
than unhealthy individuals. As a general guideline, 
the Society of Actuaries (SOA) mortality tables for 
2012 suggest that a female retiring at age 67 has 
about a 50 percent chance of surviving to about 

Figure 1: Glide Paths Showing Stock Allocation over Time Assuming a 60% Initial Stock Level
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discounted back to current dollars based on the 
zero-coupon yield curve rate for that length of 
time, rt. The initial yield curve assumptions were 
based on the assumed long-term average nominal 
rates for 1-year Treasury bills, 10-year Treasury 
bonds, and 20-year Treasury bonds of 3.7 percent, 
4.5 percent, and 4.7 percent, respectively. The 
initial COLA assumption was that inflation would 
stay at the assumed average of 2.5 percent, as 
given in Table 1.
 After finding the beginning value of Social 
Security for the retiree with equation 1, portfolios 
with various levels of financial assets (stock and 
bonds) relative to the value of Social Security were 
considered as part of the analysis described below. 
Results were presented for cases where stocks and 
bonds were one-third, two times, and five times 
the initial value of Social Security. This translates 
to having cases where Social Security was 75 per-
cent, 33 percent, and 17 percent of overall wealth, 
respectively.4

payouts must also consider the probability of 
surviving to receive those payments. With a 40-year 
bond, payments are guaranteed for the full term. 
However, for a single retiree on Social Security, the 
payments end if the retiree dies. This could be after 
one year or after 40 or more years. Most retirees 
will not receive benefits for anywhere near 40 years, 
though. 
 Equation 1 was used to find the initial value of the 
expected Social Security payments at age 67 SS0:

Σ
40

t=1

SS0 = 
SSIt–1 (1 + COLAt) x (Survivalt) 

(1 + rt)t
(1)

       

(1)

where SSIt is the Social Security income at time t 
and COLAt is the cost-of-living adjustment based 
on the prior year’s rate of inflation. Given that 
the individual was alive at age 67, their probabil-
ity of survival to a particular age is given by Survi-
valt, as noted in the discussion of mortality above. 
The expected value of each future payment was 

Figure 2: Cumulative Probability of Survival for a 67-Year-Old Female

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

68 70 72 74 76 78 80 82 84 86 88 90 92 94 96 98 10
0

10
2

10
4

10
6

Pr
ob

ab
ili

ty
 o

f S
ur

vi
va

l

Age

RESEARCHWaggle | Agrrawal



80    Journal of Financial Planning  |  June 2024 fpajournal.org

each year, the retirement portfolio was rebalanced 
following the prescribed glide path. A total of 1,000 
simulations were run for each combination of pay-
out level and glide path. Once the simulations were 
completed, the success rates and average utility of 
each combination were measured, as described in 
separate sections below.
 Specific details on the Monte Carlo simulation 
used to model annual inflation, 10-year Treasury 
bond (bonds) yields and total returns, and large-
company stock (stock) total returns are described 
below. Table 1 presents the assumed long-term 
means of the returns and yields, along with the 
standard deviations and correlations of those fac-
tors. While the correlations of inflation, stock, and 
bond yields were based on long-term (1970–2022) 
historical averages, the return and yield figures used 
are more conservative than what long-term history 
would suggest. The use of an inflation rate and 
bond yield lower than what was observed during 
that period was a concession to the power of the 
Federal Reserve. The Federal Reserve has had an 
implicit average inflation target of 2 percent since 
1996 that it made formal in 2012.6 That 2-percent 
target is still in place and remains an ongoing 
point of discussion in the financial press. While 2 
percent was the target from 1996 to 2022, inflation 
actually averaged about 2.5 percent during that 
period, which is what was assumed in the analysis. 
Since bond yields (rather than total returns) are 
highly correlated with inflation, the lower inflation 
target would tend to imply lower yields as well. A 

Simulations 
This study considered the case of a single female 
who retires at age 67, the full retirement age for 
those who turn 62 in 2023 or later, and collects 
income from both a portfolio of stocks and bonds 
and Social Security payments. The analysis was 
simplified by looking at the case of a single retiree, 
rather than a couple, so that there were no con-
founding issues such as different income levels and 
survivor benefits to consider.5 Accordingly, the life 
expectancy numbers for females, which are some-
what higher than those of males, were used in the 
mortality calculations. 
 The process in the simulations followed the 
portfolio actions that would be taken by a retiree 
over the assumed 40-year retirement period. First, 
a desired payout level and a planned glide path for 
the portfolio were selected. With a payout level, 
such as the commonly cited 4 percent, the retiree 
took that percentage of their stock–bond portfolio 
as income in the first year of retirement. Each 
year thereafter the dollar amount of the planned 
withdrawal was increased by the (simulated) rate 
of inflation to keep the retiree’s income constant in 
real terms. Likewise, the individual’s initial annual 
Social Security payment was also increased with 
inflation each year. The retiree was assumed to 
have collected income from both their stock–bond 
portfolio (as long as it maintained a positive bal-
ance) and a Social Security payment. The portfolio 
balance was adjusted each year based on simulated 
market returns for stocks and bonds. At the end of 
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Table 1:

Annual
Mean

Standard
Deviation Minimum

Assumed Model Statistics for Return and Yield Data

In�ation
Rate

10-Year T
Bond Yield

Model Correlations

In�ation Rate
10-Year Treasury Bond Yield
Large Company Return

2.5%
4.5%
9.0%

2.5%
2.7%
20.0%

--
0.50%

--

1.0
0.6

–0.1
1.0
0.0
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negative in a given year (reflected by a decline in 
the inflation index), the following year’s Social 
Security payment (and planned withdrawal from 
the stock–bond portfolio) stayed unchanged. 
However, there were no subsequent increases in 
payments until the overall inflation index level went 
back above its prior high.
 While the movements of stock prices appear to be 
random, current bond yields are highly dependent 
on their prior levels. Bond yields are also considered 
to have a long-term tendency to revert to the mean, 
but that force is relatively weak, as evidenced by the 
long period of extremely low interest rates seen in 
the United States from 2012 to 2021. Bond yields 
over time were modeled with the widely used Cox, 
Ingersoll, and Ross (1985) (CIR) methodology 
shown in equation 3:

              
yt = yt–1 + rev(y–yt–1) dt +σ yt–1 dtzt (3)

        
(3)

 Bond yields at a point in time are given by yt, 
and ȳ is the long-term average yield of the 10-year 
Treasury bond. The overall tendency to revert to the 
mean is driven by the reversion factor rev, and it 
gets stronger the further yields get from their long-
term averages (ȳ – yt–1). One strength of the CIR 
model is that it recognizes that the variability of 
yields increases as interest rates rise, and vice versa. 
This means that if market yields are at 10 percent, 
the potential variability is much higher than if 
rates are at 1 percent. This changing variability is 
captured in the model where the standard deviation 
of the yields is multiplied by the square root of the 
prior period’s yield, yt = yt–1 + rev(y–yt–1) dt +σ yt–1 dtzt (3) . The higher the prior 
period’s yield, the higher the potential variability.
 One additional adjustment to the bond yields 
calculated with equation 3 was needed to ensure 
that all of the simulated yields were positive. 
For each period, the result was the maximum of 
either the calculated yield forecast or the assumed 

total of 1,000 possible outcomes for stocks, bonds, 
and inflation over 40 years were generated. These 
scenarios provided the asset returns that were used 
to test the performance of the various glide paths, 
withdrawal rates, and wealth levels.
 Overall price levels and stock values, which gener-
ate inflation and stock return numbers, respectively, 
were modeled using the geometric Brownian 
motion process (GBM). With GBM, prices or values 
are assumed to follow a random normal distribu-
tion. The next value in the process depends on the 
current value, but there is no other memory of the 
path. This is the basis of the “random walk” nature 
of stock prices. The distribution of stock returns 
in the long run appears to be more lognormal in 
nature because stock prices have a floor value of $0, 
while their upside potential is unlimited. Despite 
this, the normal distribution does a reasonably 
good job of modeling stock prices in the short run. 
Equation 2 captures GBM in discrete time and was 
used to model the index levels over time St for both 
stock and inflation:

r –(( (

St = S0 exp 2 (

dt +  dtzt (2)σ σ
2
1

      
(2)

 The continuously compounded return and the 
standard deviation of the percentage changes in 
the index are shown as r and σ, respectively. The 
change in time is dt, which is 1 when annual returns 
are considered. The random nature of the path over 
time is captured by z, which is a random normal 
variable with a mean of 0 and a standard deviation 
of 1. 
 Inflation rates based on the changes in the index 
level derived from equation 2 were used to adjust 
Social Security payments and desired stock–bond 
portfolio withdrawals each year in the simulations. 
Consistent with the Social Security Administration’s 
handling of payment calculations, if inflation was 
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chance of living longer than this. If a retiree wants 
to plan on 30 years of retirement income, there 
are many cases with a high probability of success 
with both 3 and 4 percent withdrawal rates, but 
the picture is not quite as rosy with a 5 percent 
withdrawal rate. Instead of an 85 percent or better 
probability of success, the best alternatives at that 
higher withdrawal rate have probabilities of success 
ranging from just 65 to 75 percent. The best glide 
path for the 5 percent withdrawal rate in this case 
was a 40 percent initial allocation to stock that 
increases slowly over time. With a 40-year retire-
ment horizon, the 3 percent withdrawal rate still 
provided many alternatives with a high probability 
of success. On the other hand, the success of a 5 
percent withdrawal rate at this long time horizon 
was on par with a flip of a coin, or worse, regardless 
of the glide path followed.

Utility Model
Simple success rates for different starting equity 
allocations and glide paths for stock–bond portfo-
lios do not provide sufficient information for retir-
ees with other guaranteed sources of income or for 
those interested in leaving a bequest to their heirs. 
An investment plan that is “successful” in terms of 
providing income over the retiree’s life might leave 
the retiree’s heirs with a terminal value of only $1 
or $1 million. If all the retiree is concerned about is 
lifetime income, that would not matter. However, if 
leaving a legacy is an important consideration, then 
the difference is obviously significant. Likewise, 
“success” from the stock–bond portfolio may be 
less important if 75 percent of the retiree’s desired 
income is guaranteed by Social Security and/or 
other annuities. A failure that leaves someone 25 
percent worse off is much less worrisome than one 
that leaves them with nothing.
 To look beyond some of the shortcomings of 

minimum yield of 0.5 percent. While some other 
countries have courted negative interest rates,7 the 
Federal Reserve has never shown any desire for that 
counterintuitive outcome in the United States. 
 Positive bond yields, of course, do not mean that 
bond total returns were all positive. If bond yields 
increased from the prior period, bonds suffered a 
capital loss, and vice versa. Bond total returns rBt in 
the simulation were calculated based on the begin-
ning bond yields yt-1 and the capital gains or losses 
ΔPt resulting from the changes in those yields, as 
shown in equation 4: 

           rBt = ΔPt + yt-1                     (4)

Portfolio Success Rates
First up is a look at the success of just the stock–
bond portfolio in isolation. For the purposes of this 
study, portfolio and glide path success was defined 
as providing the retiree with their desired income 
over some period. So, for example, if a retiree 
desires a 4 percent payout from their stock and 
bond portfolio, they begin by withdrawing 4 percent 
of the initial asset value in the first year. Each year 
thereafter, their portfolio withdrawals are increased 
by the rate of inflation. If the portfolio can provide 
this income for a certain period, then it is a “suc-
cess.” If the stock–bond portfolio runs out of funds, 
then it is obviously a failure. This is the same basic 
notion employed by Bengen (1994) and others.
 Table 2 shows the success rates of the various 
glide paths and different initial stock levels (43 
different cases) for withdrawal rates of 3, 4, and 5 
percent and for retirement periods ranging from 
20 to 40 years. A retiree looking at just a 20-year 
horizon would have a high probability of success 
with most glide path options, even with a relatively 
high 5 percent withdrawal rate. However, a typical 
67-year-old female retiree has almost a 50 percent 
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gain in income, which is one of the central notions 
of prospect theory (Kahneman and Tversky 1979). 
So, in this case, the pain that a retiree would feel if 
their income dropped by $30,000 would be greater 
than the pleasure they would feel if their income 
increased by that same $30,000. The degree to 
which this is true depends on the investor’s level of 
risk aversion y.
 The utility model described briefly below and in 
more detail in the Appendix was based on the mod-
els used by Blanchett (2014) and Blanchett (2015), 
which considered the percentage of desired income 
that was replaced in each simulation path. Since 
the simulations were conducted with nominal cash 
flows, the percentage of desired income replaced 
was more relevant than the actual dollar amount of 
income that was generated. This is because in times 
of high inflation, higher income would be needed to 
cover the same basic level of spending power, with 
no increase in realized utility. Likewise, in times of 
low inflation, retirees can maintain a constant level 
of utility with lower levels of income. Scaling based 
on desired income levels adjusts for inflation and 
allows for comparisons across different potential 
economic outcomes. 
 A retiree was assumed to begin with a certain 
income level and a goal of increasing that income 
each year based on inflation, so that they could 
maintain constant spending power. That retiree 
income comes from a combination of Social 
Security income (SSIt) and portfolio income (PIt). 
Inflation was a random factor in each simulation 
from period to period, and this directly impacted 
the amount of income needed to maintain a 
constant level of utility. Blanchett’s (2014, 2015) 
income replacement percent (IRPt) shows the 
percentage of desired (inflation-adjusted) income 
that was replaced in each period in the different 
simulation runs. 

simple portfolio success rates, a model of constant 
relative risk aversion (CRRA) is used to examine 
retiree utility of income (or consumption) under 
different scenarios. The analysis includes differ-
ent sets of assumptions related to risk aversion 
and the desire to leave a bequest. In general, risk 
averse investors prefer lower, guaranteed income 
to higher, uncertain income levels. CRRA utility 
measures have characteristics that are consistent 
with typical investors/retirees and can be used to 
model both risk-averse and risk-seeking investors. 
The basic form of the CRRA function for the utility 
U of income is shown in equation 5:

                        
(5)U(Income)=

Income
1–y

(1–y)

             
(5)

where y is a measure of the investor’s level of risk 
aversion. While a particular investor’s measure of y 
is not something that anyone would be expected to 
know, financial planners do understand the relative 
level of risk aversion that their clients have. This 
model is used to measure the expected utility of 
investors categorized by their degree of risk aver-
sion. Higher levels of y mean the investor is more 
risk averse, preferring more stable income, even if 
it is a lower amount. Three different levels of y were 
used in the analysis to model low, moderate (mid), 
and high levels of risk aversion.
 CRRA measures also exhibit diminishing 
marginal utility, which means that while utility 
does increase with more income, it does so at a 
diminishing rate. For example, suppose there is a 
retiree with $100,000 in annual income. If they 
could increase their income to $130,000 per year, 
they would have a higher utility level, but it would 
not be 30 percent higher. This also means that the 
reduction in utility for a given reduction in income 
is more than the gain in utility for a comparable 
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 The Appendix shows more detail on the mechan-
ics of the utility model, but equation 8 shows a 
simplified version of what is being considered:

       Overall Utility=U(IRP)+pref [U(Bequest)]     (8)

 The pref variable signifies the strength of the 
desire to leave a bequest. U(IRP) and U(Bequest) are 
the utility of the income received and the bequest 
left by the retiree, respectively. The best glide path 
choices were those that maximized the certainty 
equivalents of the average overall utility of the 1,000 
different simulations.

Utility Results
One big question is, “Does including guaranteed 
Social Security payments (or other guaranteed pay-
ments) in the analysis impact the asset allocation 
and glide path decisions of retirees?” Following up 
on that, “Do retiree risk aversion levels and desires 
to leave a bequest affect glide path decisions?” The 
answers to both these questions are “Yes.” The opti-
mal glide path choices are impacted by the value 
of Social Security relative to the overall portfolio, 
the withdrawal rate, the risk aversion level of the 
retiree, and the retiree’s preference as far as leav-
ing a bequest. These findings are discussed in this 
section. 
 Table 3 presents rankings of the expected utility 
levels of the 43 different glide path options consid-
ered assuming a relatively conservative 3 percent 
withdrawal rate. The glide path option that pro-
vided the highest certainty equivalent of overall util-
ity was ranked 1, while the option that did the worst 
was ranked 43. The rankings are grouped by the 
value of Social Security as a percentage of overall 
wealth at the beginning of retirement. Cases with 
Social Security as 75, 33, and 17 percent of overall 

                             
(5)IRPt=

SSIt + PIt

SSIt + DPIt                     
(6)

 The numerator of this equation is the actual 
income received, while the denominator is the 
“desired” income that is needed to maintain the 
retiree’s standard of living. The desired income 
levels are the initial income amounts at t = 0 
adjusted for inflation over time. It was assumed that 
retirees would increase their portfolio withdrawals 
by the rate of inflation for as long as they can in 
each simulation path. Since Social Security income 
is automatically adjusted for inflation each year by 
the government, the income received SSIt is always 
equal to the desired amount. With the stock–bond 
portfolio, the actual portfolio income generated PIt 
may or may not be sufficient to cover the desired 
portfolio income level, DPIt. The IRP will always 
be positive because the Social Security portion of 
the income stream is guaranteed. This means that 
the percentage of Social Security payments relative 
to overall income sets the floor level for the IRP 
calculation. The time t ranges from 1 to 40, or ages 
67 to 106 in the model.
 The utility model also recognized that some 
retirees would like to leave behind a financial 
legacy. Retirees may have different preferences 
toward leaving a bequest, so three measures in this 
regard were included: none, moderate (mid), and 
high. Since each simulation run generated unique 
inflation assumptions, the potential bequest payouts 
were compared to the desired income levels based 
on realized inflation in the individual simulations. 
The bequest that would be paid if the retiree died 
in time t is shown as Bequestt. This bequest amount 
was scaled as a percentage of the level of desired 
overall income to give BPt:

         
                            

(6)BPt=
Bequestt

SSIt + DPIt                       
(7)
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was the only place where a bequest preference of 
“none” is presented. This is because with a bequest 
preference of none, the rankings of the different 
risk aversion levels showed only minor differences 
between them. If a retiree places no value on having 
money left over for heirs, then all that matters is 
the “success” of the portfolio, which is its ability to 
provide income over time. With no desire to leave a 
bequest, utility rankings are primarily impacted by 
portfolio success over the retirement period. There 
is no incentive for less risk averse investors to take 
on higher risk for higher returns because potential 
payouts are fixed at the inflation-adjusted 3 percent. 
There were minor differences in the rankings across 
risk aversion levels, however, because more risk 
averse investors may place greater weight on distant 
potential shortfalls. For example, a retiree with a high 
level of risk aversion was more likely to be concerned 
with the probability of income shortfalls after age 97, 
even though they were not likely to live that long, 
than a retiree with a low level of risk aversion. 
 Looking across the grouped wealth categories 
in Table 3 shows the impact of failing to consider 
Social Security in the analysis. Compare the sce-
narios where Social Security was ignored to when 
Social Security was 33 percent of wealth. The best 
case for mid/mid shifted from 50 percent stock, 
increasing fast to 80 percent, increasing slow, 
respectively. For mid/high, the preferred choice 
was 80 percent stock, increasing slow, when Social 
Security was not considered, but it was a constant 
allocation of 100 percent stock when Social Security 
was considered. The asset allocation shifts sug-
gested with and without considering Social Security 
are notable, but not as big, for the high/mid and 
high/high combinations. Ignoring Social Security, 
the best glide path for both high/mid and high/high 
was 30 percent stock, increasing slow. When Social 
Security was included, the best glide path for both 

wealth are shown. In each of these cases, the overall 
utility measure was based on both guaranteed Social 
Security payments and the income from the retiree’s 
stock–bond portfolio. Rankings where only the 
utility of the income from the retiree’s stock–bond 
portfolio was considered provide a comparison to 
the situation if Social Security is ignored. Within 
each of the groups, there are several combinations 
of risk aversion and bequest preferences. Risk aver-
sion levels (y) are low, moderate (mid), and high. 
The desire to leave a bequest (pref) is rated as none, 
moderate (mid), and high. 
 At a 3 percent withdrawal rate, when Social 
Security was not included in the analysis, investors 
with a low level of risk aversion and no desire to 
leave a bequest (low/none) maximized their utility 
with a 10 percent stock allocation and a constant 
glide path. All that mattered was providing income 
over the retiree’s life. However, for the same level 
of risk aversion, if the desire to leave a bequest was 
moderate (low/mid) or high (low/high), the pre-
ferred glide path choice was a constant allocation of 
100 percent stock. The 100 percent stock case was 
ranked last in the low/none scenario, which was 
a dramatic shift. Retirees with a low level of risk 
aversion were the most willing to take extra risk 
for a higher payoff. In the mid/mid case, 50 percent 
stock, increasing fast was the top-ranked glide path. 
The best-case portfolio in the mid/high case was 80 
percent stock, increasing slow. The second ranked 
choice for both mid/mid and mid/high was a 60 
percent initial allocation to stock, increasing fast. 
For retirees with a high level of risk aversion and 
either a moderate or high desire to leave a bequest 
(high/mid and high/high, respectively), the same 
initial allocation of 30 percent stock, increasing 
slowly over time, was the top portfolio glide path.
 The low/none (risk aversion / bequest preference) 
case where Social Security payments were ignored 
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Table 3
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Certainty Equivalent Rankings of Glide Paths for Di�erent Wealth Levels with and Without 
Social Security Payments Considered Based on Risk Tolerance and Bequest Preference, 
Assuming a 3% Withdrawal Rate 
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Table 4

Initial
Stock
Level

Social Security
Ignored

Social Security
75% of Wealth

Certainty Equivalent Rankings of Glide Paths for Di�erent Wealth Levels with and Without
Social Security Payments Considered Based on Risk Tolerance and Bequest Preference, 
Assuming a 4% Withdrawal Rate
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33% of Wealth

Social Security
17% of Wealth

0%
Constant
Increasing Slow
Increasing Fast
Constant
Increasing Slow
Increasing Fast
Decreasing Slow
Constant
Increasing Slow
Increasing Fast
Decreasing Slow
Constant
Increasing Slow
Increasing Fast
Decreasing Slow
Decreasing Fast
Constant
Increasing Slow
Increasing Fast
Decreasing Slow
Decreasing Fast
Constant
Increasing Slow
Increasing Fast
Decreasing Slow
Decreasing Fast
Constant
Increasing Slow
Increasing Fast
Decreasing Slow
Decreasing Fast
Constant
Increasing Slow
Decreasing Slow
Decreasing Fast
Constant
Increasing Slow
Decreasing Slow
Decreasing Fast
Constant
Decreasing Slow
Decreasing Fast
Constant

10

5

6

1

3

7

2

4

8

12

9

11

14

17

15

13

16

19

21

20

18

22

24

26

25

23

27

29

31

30

28

32

34

35

33

36

38

39

37

40

42

41

43

43

42

40

41

38

36

39

37

33

29

35

32

28

24

31

34

27

23

18

25

30

21

16

10

20

26

15

9

4

17

22

11

5

12

19

6

1

8

14

3

7

13

2

43

42

40

41

38

36

39

37

33

30

35

32

28

25

31

34

27

23

19

26

29

22

18

14

21

24

17

13

9

16

20

12

8

11

15

7

4

5

10

2

3

6

1

37

32

27

26

21

14

24

16

8

4

15

7

2

1

9

18

6

3

5

12

17

10

11

13

19

22

20

23

25

28

29

30

31

34

33

35

36

39

38

40

42

41

43

43

42

40

41

38

36

39

37

30

23

35

28

19

11

26

34

16

8

3

18

29

10

5

1

14

21

7

4

2

13

20

9

6

17

22

15

12

25

27

24

32

33

31

20

11

9

5

2

6

4

1

3

10

7

8

12

16

14

13

15

17

21

19

18

22

24

26

25

23

27

29

31

30

28

32

34

35

33

36

38

39

37

40

42

41

43

27

19

15

11

5

4

9

2

1

6

7

3

8

13

10

14

12

16

20

18

17

21

22

25

24

23

26

28

31

30

29

32

34

35

33

36

38

39

37

40

42

41

43

Glide Path

Risk Aversion/
Bequest

Preferences

Lo
w

/N
on

e

Lo
w

/M
id

Lo
w

/H
ig

h

M
id

/M
id

M
id

/H
ig

h

H
ig

h/
M

id

H
ig

h/
H

ig
h

43

42

40

41

38

36

39

37

33

30

35

32

28

24

31

34

27

23

19

26

29

22

18

14

21

25

17

13

8

16

20

11

6

10

15

5

2

7

12

3

4

9

1

43

42

40

41

38

36

39

37

33

30

35

32

28

25

31

34

27

23

19

26

29

22

18

14

21

24

17

13

9

16

20

12

8

11

15

7

4

6

10

3

2

5

1

43

42

40

41

38

36

39

37

32

25

35

29

20

11

27

34

17

9

4

18

28

10

5

1

15

23

7

3

2

13

19

8

6

16

21

14

12

24

26

22

30

33

31

43

42

40

41

38

36

39

37

33

30

35

32

28

24

31

34

27

23

18

26

29

21

16

11

20

25

15

8

2

17

22

10

3

12

19

6

1

9

14

4

7

13

5

34

27

21

20

13

10

18

8

3

2

11

4

1

5

9

14

6

7

12

15

17

16

19

22

24

23

25

26

30

29

28

31

32

35

33

36

37

39

38

40

42

41

43

Lo
w

/M
id

Lo
w

/H
ig

h

M
id

/M
id

M
id

/H
ig

h

H
ig

h/
M

id

H
ig

h/
H

ig
h

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

43

42

40

41

38

36

39

37

33

30

35

32

28

25

31

34

27

23

19

26

29

22

18

14

21

24

17

13

9

16

20

12

8

11

15

7

4

5

10

2

3

6

1

43

42

40

41

38

36

39

37

33

30

35

32

28

25

31

34

27

23

20

26

29

22

18

14

21

24

17

13

9

16

19

12

8

11

15

7

4

6

10

3

2

5

1

43

42

40

41

38

36

39

37

33

29

35

32

28

24

31

34

26

21

11

25

30

17

9

4

20

27

10

5

1

14

23

7

2

12

19

6

3

13

18

8

16

22

15

43

42

40

41

38

36

39

37

33

30

35

32

28

24

31

34

27

23

19

26

29

22

18

13

21

25

16

11

6

15

20

10

5

12

17

7

2

8

14

3

4

9

1

39

32

25

26

19

12

23

14

7

3

13

6

1

2

9

17

5

4

8

11

16

10

15

18

20

21

22

24

28

29

27

30

31

34

33

35

36

38

37

40

42

41

43

Lo
w

/M
id

Lo
w

/H
ig

h

M
id

/M
id

M
id

/H
ig

h

H
ig

h/
M

id

H
ig

h/
H

ig
h

43

42

40

41

38

36

39

37

33

30

35

32

28

25

31

34

27

23

20

26

29

22

18

14

21

24

17

13

9

16

19

12

8

11

15

7

4

6

10

3

2

5

1

43

42

40

41

38

36

39

37

34

31

35

32

28

25

30

33

27

23

20

26

29

22

18

15

21

24

17

13

9

16

19

12

8

11

14

7

4

6

10

3

2

5

1

43

42

40

41

38

36

39

37

33

30

35

32

28

24

31

34

27

23

19

26

29

22

18

14

21

25

17

12

7

15

20

10

5

11

16

6

2

8

13

3

4

9

1

43

42

40

41

38

36

39

37

33

30

35

32

28

25

31

34

27

23

19

26

29

22

18

14

21

24

17

13

9

16

20

12

8

11

15

6

3

5

10

2

4

7

1

43

41

36

37

30

24

33

27

16

9

23

12

5

3

15

26

6

2

1

10

19

7

4

8

14

18

11

13

17

20

22

21

25

29

28

31

32

35

34

38

40

39

42

43

42

40

41

35

29

38

32

23

15

28

19

10

5

18

30

9

3

1

13

22

6

4

2

12

20

8

7

11

16

21

14

17

24

26

25

27

33

31

34

37

36

39

43

40

35

37

28

23

32

25

16

9

21

11

4

2

13

26

5

1

3

10

19

7

6

8

14

18

12

15

17

20

24

22

27

30

29

31

33

36

34

38

41

39

42

42

37

31

32

24

18

29

19

10

6

17

8

3

1

11

22

5

2

4

12

16

7

9

13

15

21

14

20

23

25

26

27

28

33

30

34

35

38

36

39

41

40

43

Lo
w

/M
id

Lo
w

/H
ig

h

M
id

/M
id

M
id

/H
ig

h

H
ig

h/
M

id

H
ig

h/
H

ig
h



fpajournal.org June 2024  |  Journal of Financial Planning    89

RESEARCHWaggle | Agrrawal

Table 5

Initial
Stock
Level

Social Security
Ignored

Social Security
75% of Wealth

Certainty Equivalent Rankings of Glide Paths for Di�erent Wealth Levels with and Without
Social Security Payments Considered Based on Risk Tolerance and Bequest Preference, 
Assuming a 5% Withdrawal Rate

Social Security
33% of Wealth

Social Security
17% of Wealth
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Constant
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Social Security payments into the retirement plan, 
and how important leaving a bequest is to the client. 
Despite not having a direct benefit to non-dependent 
heirs, the level of Social Security retirement pay-
ments is a particularly important input in the 
planning process for retirees who have some desire 
to leave money behind when they die. When some 
portion of client financial needs are met with guaran-
teed income, such as from Social Security, this allows 
financial planners to focus more of the portfolio on 
building future wealth for heirs. 

 This paper’s findings suggest that most risk-averse 
retirees who are interested in leaving a bequest 
should take Social Security payments into account 
when making their asset allocation decisions. Con-
sidering just the stock–bond portfolio in isolation 
resulted in much lower starting allocations to stock, 
except for retirees with the lowest level of risk aver-
sion. This was true across all three withdrawal rates 
that were reported (3, 4, and 5 percent) and for all 
scenarios involving retirees with moderate (mid) 
or high risk-aversion levels. Also, the higher the 
percentage of overall wealth from Social Security 
(with stocks and bonds making up less), the higher 
the initial portfolio weights in stock. From one 
perspective, this makes sense; but from another, 
it is somewhat counterintuitive. Having a higher 
proportion of guaranteed income allows the retiree 
to take on more risk with the stock–bond portion of 
their wealth, so that makes sense. But there is also 

combinations was 40 percent stock, increasing fast.
 Tables 4 and 5 are organized just like Table 3, 
except that Table 4 considers utility rankings with a 
4 percent withdrawal rate, and Table 5 includes a 5 
percent withdrawal rate. Both tables further illus-
trate the importance of including Social Security 
payments in the portfolio asset allocation / glide 
path decision. Consider Table 4, with a 4 percent 
withdrawal rate and the scenarios where Social 
Security was ignored versus where Social Security 
was 33 percent of wealth. The best case for mid/
mid shifted from 30 percent stock, increasing fast, 
to 60 percent stock, increasing fast, respectively. 
For mid/high, the preferred choice was 50 percent 
stock, increasing fast, when Social Security was 
not considered, but a constant 100 percent stock 
when it was. There were also asset allocation shifts 
suggested for the high/mid and high/high combina-
tions. Ignoring Social Security, the best glide path 
for high/high was 20 percent stock, increasing slow. 
When Social Security was included, the best glide 
path was 40 percent stock, increasing slow, which 
was still a sizeable change in portfolio allocations.

Conclusions and Implications for Financial Planners
This paper examined the impact of considering 
guaranteed Social Security payments in the asset 
allocation / glide path decision of retirees need-
ing lifetime income. For each starting stock asset 
allocation level, up to five different glide paths 
were considered: decreasing slow, decreasing fast, 
constant, increasing slow, and increasing fast. The 
impacts of different levels of Social Security rela-
tive to overall wealth on portfolio decisions were 
explored. The paper also took into account varying 
risk preferences and desires to leave a bequest. 
 The results of the paper emphasize the importance 
of discussions that financial planners have with their 
clients regarding portfolio risk aversion, factoring 

Waggle | AgrrawalRESEARCH

“Based on this paper’s findings, financial 
planners might want to discuss rising glide 
paths during retirement as an alternative to 
more traditional declining glide paths with 
their clients.”
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Appendix: Income Preference Utility Model

the oveRall utility model outlined here 
follows Blanchett (2014) and Blanchett (2015), 
with one significant change, which is noted 
below. First, Blanchett’s income replacement 
percents (IRPs) from equation 5 were calculated 
for each period. Then, the expected utility of 
each of the IRPs, U(IRPt), over time t for all the 
simulated paths was calculated as:

                           

(A-1)U(IRPt)=
IRPt

(1–y)

(1–y)
                      

(A-1)

where y is the level of relative risk aversion. 
This is the CRRA utility function noted above. 
While more income is always better in this 
model, there are diminishing returns as the IRP 
increases. The level of diminishing returns on 
utility is dependent on the individual’s level of 
risk aversion. Three levels of y were assumed for 
low (0.5), moderate (0.7), and high (0.9) levels 
of risk aversion.
 Each period’s utility measure was adjusted to 
account for the time value of money and the 
probability that the retiree would be alive to col-
lect the payment. Since inflation is inherently 
considered with the actual IRP calculations, real 
discount rates for each time rrt were used. Util-
ity for each expected future IRP was discounted 
to present value terms and adjusted to account 
for the probability of surviving to collect the 
payment, Survivalt, giving U(IRPt)Disc:

     
(A-2)U(IRPt)Disc = U(IRPt) • (Survivalt) (1+rrt)t

1

    
 (A-2)

 The weighted average utility of overall income 
in each simulation was calculated by: 

   
             

Σ
T

t–1

(A-3)U(IRP)s =
U(IRPt)Disc 

Survivalt /(1+rrt)T
t–1Σ

      

(A-3

where T is the total number of years examined. 
A 40-year retirement period was considered, 
which would go to age 107, assuming a retire-
ment age of 67.
 The adjusted utility of potential bequest pay-
ments was calculated in much the same manner 
as the utility of Social Security and portfolio 
income. Starting with the bequest percent BPt 
from equation 7, the utility of the potential 
bequest payments U(Bequestt), the discounted 
utility U(Bequestt)Disc, and the weighted average 
utility of the bequest potential of each simula-
tion were calculated as follows:

                        
U(Bequestt)=

BPt

(1–y)

(1–y)
(A-5)

                   
(A-5)

U(Bequestt)Disc = U(Bequestt) • (Deseasedt) (A-6)
(1+rrt)t

1

 
(A-6)

(A-7)
U(IRPt)Disc 

Deseasedt /(1+rrt)t–1ΣΣ
40

t–1

U(Bequest)s =
40

             

(A-7)

 The only difference in these calculations 
versus those of the IRP is that bequests are 
only paid if the retiree is deceased, while the 
income is only collected if the retiree is alive. 
The probability of dying in a particular period 
Deceasedt starts out relatively low and increases 

(continued of page 92)
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paper. Blanchett (2015) found a strong preference 
for declining glide paths; however, that paper had 
different glide paths and ranked them differently. 
Blanchett (2015) also noted that the declining glide 
paths he found could be attributed to the assumption 
in that paper that interest rates for bonds would 
start out low and increase over time. Pfau and Kitces 
(2014) considered portfolio success rates in their 
analysis, and, like this paper, they found that increas-
ing glide paths were preferable. 
 Based on this paper’s findings, financial planners 
might want to discuss rising glide paths during 
retirement as an alternative to more traditional 
declining glide paths with their clients. For example, 

another way to look at this. All else equal, lower 
relative levels of Social Security mean higher values 
for the stock–bond portfolio, which also means 
higher overall wealth. General guidance suggests 
that wealthier individuals should take more risk 
(more stock), but assuming given withdrawal rates, 
holding lower stock levels maximizes utility. 
 There is a second counterintuitive finding in the 
paper. For moderate and high risk-averse retirees, 
most of the top three glide path choices had asset 
allocations to stock increasing over time. Typical 
portfolio guidance suggests that stock balances 
should decline over time, comparable to the “decreas-
ing slow” and “decreasing fast” glide paths in the 
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Appendix: Income Preference Utility Model (continued from page 91)

over time. Consider the case of a stock–bond portfolio that decreases in inflation-adjusted terms over 
time due to withdrawals. If the retiree dies early, the heirs would get a higher bequest, but this higher 
potential payout has a relatively low impact on expected utility because the probability of an early 
death Deceasedt is low. In this paper, the bequest (as a percent of desired income) was treated the 
same as the IRP as far as utility goes. The notion of constant relative risk aversion was applied to both 
the bequest and income. So, for example, while leaving a bequest of $2 million is better than leaving 
$1 million, it does not provide twice the utility. In their overall benefit analysis, Blanchett (2014, 
2015), on the other hand, considered just the raw bequest amount.
 Next, the weighted average utility of each simulation was calculated while considering an 
additional bequest preference factor that recognized that retirees have different desires as far as 
leaving money to heirs. For some retirees, a bequest may not be a consideration at all. Others may 
consider leaving money to heirs to be a top priority, and there is room in between these extremes. 
Bequest preference factors, pref, of 0, 0.5, and 1.0 were included to represent no, moderate (mid), and 
high desires to leave an inheritance, respectively. 
 Finally, the overall certainty equivalent (CE) considering all of the simulations is given by:

                                             

(A-8)
U(IRP)s + pref(U(Bequest)s) 

SΣ
S

s=1

CE = ( (1–y)

((1/(1–y))

                              

(A-8)

where s represents the individual simulations, and S is the total number of simulations. These 
certainty equivalents formed the basis of the rankings in Tables 3, 4, and 5.
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ported rising equity glide paths during retirement, 
this strategy is not widely accepted. This is an area 
where more research is still needed. Also, as is true 
with any long-term financial plan, the preferred 
glide paths discussed might be the basis for initial 
retirement road maps, but the course is subject to 
change as conditions dictate. For example, a big loss 
in the portfolio early in retirement might dictate 
changes in withdrawal rates and asset allocations. 
The planned increases in stock might or might not 
materialize. That is one of the many reasons that 
retirees need financial planners.   
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Endnotes
   1. See the Federal Reserve Bank of New York for 

historical rates: www.newyorkfed.org/markets/

reference-rates/effr.

   2. Over the period 1/2022 to 12/2023, during which  

the Treasury yield curve inverted, long-term U.S. 

Treasuries returned about –30%, in comparison 

to about +34% for the S&P 500. This ignited 

discussions about the relevance of the 60/40 equity–

bond allocation for long-term investors. Mozes and 

Steffens (2021), for example, discuss the 60/40 

allocation for pension funds.

   3. The minuscule possibility of living past the age of 

107 is ignored. A 67-year-old female would only have 

about a 0.12 percent chance of living to be 107 years 

old. 

   4. Other cases were also examined, but these are 

reflective of the overall results noted.

   5. Blanchett (2015), for example, considered the case of 

a single 65-year-old female in his analysis. At that time, 

the full retirement age for Social Security was 65.

rather than starting with a 60 percent allocation to 
stock that declines over time, a retiree could begin 
with a more conservative 40 percent allocation to 
stock that they instead increase over time. With a 4 
percent withdrawal rate, glide paths of 40 percent 
stock increasing slow or fast provided higher levels of 
utility to investors with a high level of risk aversion 
and a moderate or high desire to leave a bequest 
than glide paths of 60 percent stock decreasing slow 
or fast. One of the biggest threats to a portfolio’s 
success at providing lifetime income is a big loss in 
value early, rather than later, in retirement. Lower 
up-front allocations to stock would potentially leave 
a retiree less susceptible to this sequence risk. The 
increasing steps upward in the stock allocation would 
come if the portfolio successfully weathers the early 
retirement years and the safety cushion of the overall 
portfolio increases. As the retirement time horizon 
shortens and the desired income stream from the 
portfolio becomes more certain, the focus of the 
portfolio gradually shifts. Instead of focusing on 
guaranteeing the retiree’s income needs, the portfolio 
management could emphasize growth for the future 
heirs, which is where the higher allocations to stock 
come into play. 

 This research comes with a few caveats. While 
both this paper and Pfau and Kitces (2014) sup-
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“Also, as is true with any long-term financial
plan, the preferred glide paths discussed
might be the basis for initial retirement road
maps, but the course is subject to change as
conditions dictate.”
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